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�����u�. ¢¡a£���¤ ^&_�c¥�C��p{z¦�up*��§C�A� ��vGrty{��¨�§©y���bdcuª/��y{«i§©��yY�A� ¨}��ptp*��§CwavC�qc.y���� r{w���r{cu�K¬�cu_az¦�.¨cEp�z¦bdbdc.y�p®cE�
z¦v¯��v°��bK�az¦c.vGrZ±�waz}�²ª�zr{_°r{_�c%���q�scu� r{z¦¬�c���§Ap®rt���az¦¨z¦³.z¦va��y{c.§©c.ytc.v��.cVr{y��¢�scE�´rt��ytzcEp���y{c%�qc.¬�c.¨¦���Ocu��µ
^&_�cup{cg¬�cu_az}� ¨¦cup)��y{cA��_���y���� r{cuy{z¦³.cE���onZr{_�c.z¦y/bdcu��v�p/��§��ayt���aw�¨¦p{z��v¶ª�_az}��_�cuptp{c.vGr{z}��¨¦¨nZytc.¨¦zcEp)��v¶r{_ac
��y{�q�qw�� r{z¦��v¶��§���r{_aytw�p®r)§©��yt�.cg��¨¦��va����p®z¦va��¨ci�C�q�qnG·4¸a¹qcu�¶�qz¦y{cE�´rtz��v�º�ª�zr{_�r{_acA� ��bZ��¨cubZcuvGr)��§�§©wa¨¦¨
rt��y�|GwacA���´rtw��¢rtz��v�§©��y��¢r®rtz»rtw��qc��.��vGr{yt��¨	¼©z4µ c�µ)��rsno�az¦�u��¨���� r{w���r{z¦��v½psrty{wC�´r{w�y{cA§©��y���zy�� y��¢§¾r�p.ºo¿i^g�AÀ
¬�c._az}� ¨¦cupuºYp®w��ab¶��ytzvacEp.º�c r���µÂÁ´µ;ÃÄv�rtc.y���� r{z¦��v�p�ª�zr{_²r{_ac%p®w�y{yt��wavC�qzv��½±�waz}�Å��ytc��qzÆV� wa¨rKrt�Çbd�q�qc.¨
��y{cE� z}p®cu¨nd��v��Vr{_ac�p{��way�� c���§��O��ptp®z¦�a¨¦ndp®r{yt��v��K�Oc.y{r{wayt���¢rtz��v�puµ�^&_acunV� ��v�psrtz»rtwqr{cA�Kb¶���s��y)z}ptp®wacg§©��y
p®rt���a¨¦cAbd��r{z¦��v½� ��vGrty{��¨O��§*rt_acup{c�p®nqp®r{cubdpuµYe��¢¬�c.¨�va��va¨z¦vacE��y¥§©c.cE�q������«�� ��vGrty{��¨O¨}�Èª�p���ytcA�ay{���C�Gp®cE�
rt�¶� ��bd�Oc.v�pt�¢rtcA§©��y�bd�q�qc.¨¦zv��Zcuy{yt��y�p¥��v����Ccuy®§©��y{bÉy{���aw�p®r{¨¦n����G��z¦v�psr�p{w���_��Oc.y{r{w�y{����r{z¦��v�puµMloz¦bKwq·
¨}�¢rtz��vTytcup{wa¨»r�pgz¦¨¦¨w�p®r{y��¢rtzv��¶r{_acEp®cZ�ayt���Oc.y{r{z¦cupg��vÇ��¿i^g�AÀÅ¬�c._az}� ¨¦c�p{wa�abdzr®rtcu�Hrt��ª�z¦v��T��w�p®rtpA��ytc
��y{cEp®cuv�rtcu��µ
ÊHËGÌÎÍtÏKÐ  ¢Ñ���¤ wav��ac.y����´rtw��¢rtcu��¬�c._az}� ¨¦c�ºYv���va¨¦zv�cu��yZ� ��v�rty{��¨Òº	¬�c.¨¦�o�.z»rsnÓp®rt����z¨¦z³E�¢rtz��v�º	r{y��¢�scE�´r{��y{n
rtyt����«ozva�Cºo�C��wav��qcE��v���va¨¦zv�cu��y&z¦vGr{c.��yt��r{��yuºq�qz}p{p{z¦���¢rtz¬ozrsn�µ
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Claude.Samson@inria.fr
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�� ���� � ¤�� c r¶��y{r{z}� ¨¦cVx r����a¨¦z»rd¨¦cup�����p{cup���� w�vac����a�ayt�o��_�cV��xuvax.y���¨¦c��qc%� ��bdb¶��vC�qc��O��wayZwavac
�.¨¦��p{p{c;�ac;¬�x._az}� wa¨¦cup%p{��w�p®·[���´rtz��vavaxup�zbdbdc.yt��xEp�����v�p%wav ±�waz}�qc�¼ ��z¦yEºgcu��w�ºgc.rt��µ Á ºA�a��v�p�¨c��awqr
�ac½p®rt���az¦¨z}p®cuy¶�qcup�r{y��¢�scE�´rt��z¦y{cEp��qc½ytx §©xuy{cuv�� c%c.v¯�¢r{r{zr{w��qc�º/cuv°¬ozr{cEp{p{c�¨¦z¦vaxu��zytc�º/��w²cuv°�O��p{zr{z¦��v�µ
� cEp�¬�xu_az}� wa¨¦cup�p{��vGrK�u��y����´rtx.ytz¦p{xupA����y�¨¦c.way�bd�¢n�c.vÓ�qcV�ayt���aw�¨¦p{z��v�|Gwaz¥� ��v�p®z}p®r{c¶c.vÓwav�c¶§©��y�� cV�qc
�O��wCp{p{x.c�¨¦c�¨��va�V��� wavac��qz¦ytcu�´rtz��v%¸a¹qc�¨z¦x.cK��w½¬�x._�z¦�.wa¨c�ºac riwavH���´rtz��vavacubZcuvGrg� ��bd�a¨¦c rA��w½vaz¦¬�cu��w
�acupd� ��wa�a¨¦cupZ�C��wayd¨cH�.��vGr{y���¨¦c���� �¢r{r{zr{w��ac�µ²ÃÄ¨�p�� ����zrd��� wav�c½p®r{ytw�� r{waytc%��� ���´r{z¦��v�vac.bdc.vGrZrsno�az¦|Gwac
�O��w�yK�qcup��È¬oz��v�p.º��qcupK¬�xu_az¦�.wa¨¦cup��qcVrsnG�OcV¿A^g�AÀ�¼©¿Yc.y{r{z}�.��¨/^���«�c ·®���°��v��ÓÀ*��v��qz¦va�oÁ´º	�qcup�p®��w�ps·
b¶��y{z¦v�puº/c.rt��µ�À�cEp¶z¦v�rtc.y���� r{z¦��v�p¶�È¬�cu�%¨cT±�waz}�qcHc.vo¬ozyt��v�v���vGrVp®��vGr��qz»ÆV�.z¨¦cup��ÓbZ�q�qxu¨z}p{c.yVc.r��È��w
bdcEp®waytc.y/�aytxu� z}p{x.bdc.vGruºGc r�p{��vGr/¨}�Kp{��way�� ci�qci�Oc.y{r{w�y{����r{z¦��v�p/|GwazÎ�Ccuwa¬�cuv�r�� rty{cizbd�O��y{rt��vGrtcupuµ��)¨¨¦cup
�.��v�p®r{zr{w�c.vGr�wav��ayt����¨`ubZcHb¶���sc.wayV�O��w�yV¨¦�²psr����az¦¨zr{x;�qcT� cEp�p{nop®r{`ubdcupuµ! icTva��wa¬�cu¨¨¦cup¶¨¦��z}pV�qc
�.��bdb¶��v��ac�����y�y{c.r{��w�y���� x.rt�¢r�v���vq·[¨z¦vaxE��z¦y{cEpip{��vGr�z¦�.zY�ay{���C�Gp®xucup��¢¸Cv��qc¶�.��bd�Ccuv�p{c.y�¨cEp�c.yty{cuway�p
�ac�bd�o�ax.¨¦z¦pt�¢rtz��v¶c r¥��p{p{waytc.yMw�vV� ��bd�O��y{r{cubZcuvGr)y{���aw�p®r{c�§ ��� cg��wq¹d�Ccuy®rtway{�C�¢r{z¦��vCp.µ � cup)�ay{���aytzx.r{xup
p{��vGrKz¦¨¦¨w�p®r{ytx.cEp�����yK�qcEpKytxup{wa¨rt�¢r�pK�qc�p®z¦bKwa¨}�¢rtz��v��C��y®r���vGr�p{wayKw�vÅbd�o�a`.¨¦c��qc�¬�x._az}� w�¨c��acVrsno�Cc
¿A^g�AÀMµ
"�Ð �E� Í £$# � �K¤ ¬�xu_az¦�.wa¨¦c�p®��w�ps·Ä��� r{z¦��vav�x�º�� ��vGr{yt��¨ova��va·4¨¦zv�xu��z¦ytc�º�p®rt���az¨¦z}p{��r{z¦��vd�qc�¬oz»rtcuptp®c�º��C��way�p®wazr{c
�acirtyt���scu� r{��z¦ytc�ºozvGrtx.��y��¢rtc.way&va��vq·[¨z¦vaxu��zytc��C��y{v�x�ºa�qz}p{p{z¦���¢rtz¬ozr{x�µ
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�gzyt�a¨}��vacEp.º*_ac.¨¦z}� ���ar{c.y�p���vC�;��r{_acuy�¿Yc.y{r{z}�.��¨)^���«�c.·s���²��v��ÓÀ���v��qz¦va�Å¼©¿A^g�AÀ*Á�¬�c._az}� ¨¦cupuº��a¨¦z¦bZ�Cp.º
yt�q��«�c.rtpuº¥_onq�qyt���a¨}��v�cupuº&p{_az¦��puº�p®wa��bd��y{z¦vacEp���ytcT��c.vacuyt��¨¨¦n �5��!&�'�	(&)'����(��6�,! µ�^&_acup{cT¬�c._az}� ¨¦cup���ytc
�C��p{z¦�u��¨¦¨nZ� ��bd�O��p{cu�¶��§���b¶��z¦vV�O�o�anZz¦bdbdc.y�p®cE�dzv���±�waz}�¶bdcu�qz¦wab ¼ ��zy¥��y/ª¥��r{cuy�Á º���vC�dr{_acun¶��ytc
�.��bdbd��va¨¦n��.��vGr{yt��¨¦¨¦cu��¬Gz}�¶z¾Á��d�ayt���aw�¨¦p{z¬�c�r{_aytw�p®r�§©��y�� c��azytcu� r{cu�½��¨��va�V�d�C�q�qnG·4¸a¹qcu�½�aytz¦¬Gz¦¨¦c.��cE�
��¹qz¦puº���v��Zzz¾ÁM�Art��y�|�w�c�¬�cu� r{��yYª�z»rt_V��vac�º�rsª¥����yYrt_aytc.c�� ��bd�a¨cubdc.vGrt��y{n�zv��ac.�Oc.v��qcuvGr¥� ��bd�C��vac.vGrtp
z¦v¶��_���yt��c¥��§Îbd�q�qz»§©noz¦va��rt_ac��C�q�qn � pY��ytz¦c.vGrt��r{z¦��v�µ�^&_acup{c�¬�cu_az¦�.¨cEpY��ytc&wav��qcuyt���´r{wC�¢r{cE�ZzvZr{_�c�p®cuv�p®c
rt_��¢rEº�������y®r�§©y{��b2rt_ac&�qzytcu� r{z¦��vK��p{p{�q� z}�¢rtcu��ª�zr{_�rt_acMrt_aytw�psr�§©��y�� c�ºEr{_ac/��r{_�c.y��C�Gp{p{z��¨c¥�qzytcu� r{z¦��v�¼ÒptÁ
��§��qz¦p{�a¨}���.c.bdc.vGr)z}pg¼Ò��ytcEÁ	va��r/�qz¦y{cE�´rt¨nd��� r{w���r{cu��µ�ÃÄvGrtc.ytcup®r{z¦va��¨¦n�º�r{_acg���C�¢¬�c ·[bdc.vGr{z¦��vacE�dpsrty{w�� r{way���¨
p{z¦bZz¦¨¦z»rtw��qc�_���p&p{c.¨}�q��b �Oc.cuv%p{nqpsrtc.b¶�¢rtz¦�u��¨¦¨ndc.¹o��¨��z»rtcu��r{�d�qc.¬�c.¨¦��������cuvac.y���¨Î� ��vGr{yt��¨C§©yt��bZcuª/��y{«
§©��y�rt_acup{c�¬�c._az}� ¨¦cupuµT¿M��ytz¦��w�pKy{cE��p{��v�p��u��v��Oc���y{���C�Gp®cE��µT�a��yKz¦v�psr���v��.c�º	rt_ac.ytc�c.¹oz}p®rKzbd�O��y{rt��v�r
�az �Îc.ytc.v��.cup��Oc rsª¥c.cuvÓ��v���zyt�a¨}��vac¶��v��;�½p{_az¦��µ�^&_acZ¸�y�psr�¬�c._az}� ¨¦cdc.¬���¨¦¬�cupAz¦v���z¦y���v����$ g·[p{����� c�º
ª�_�c.ytcu��pgr{_�cZ��r{_acuyiz}p¶¼©�C��y{r{¨¦nqÁgz¦bZbdcuytp{cu�Çzv�ª¥��r{cuyA��v��TcEp{p{c.vGr{z}��¨¦¨¦nHbZ�¢¬�cupi��v��%�$ �·[�a¨}��vac*7�r{_ac
��bK�az¦c.vGrM±Cwaz¦�Vz¦p/va��r/r{_acAp{��bdcg��v��Vz»r¥�ay{�q�qwC� cup)c.zr{_acuy/��c.yt�o�anGvC��bdz¦����y)_onq�qyt�q�qnov���bdz}�&y{cE���´rtz��v
§©��yt�.cupZª�zr{_¯�qz �Îc.ytc.vGr¶�ayt���Oc.y{r{z¦cupd��vC�Åb¶����vaz»rtw��qc*7¥��yt�È¬ozrsnÓz¦pdva��rV� ��bd�Oc.v�pt�¢rtcu�²�Gn²�awa�¢n���v�� n
z¦vòrt_ac��.��p®c;��§���v2��z¦yt�a¨¦��vac�ºg�awqrH¨z§¾r®·4§©��y�� c�c �Îcu� rtp½��ytcÇbd��y{cÓp®nqp®r{cubd��r{z}�Ç��v��ò�aytc.�O��vC�qc.y���vGr87
b¶��p{p®·[���a�qcE�;c �OcE�´r�p�bd��p®r{¨¦n��.��v��.c.ytv�p®_az¦��puºYp®wa��bd��y{z¦vacEp.º	��v��Ó��¨z¦bd��p'7Yc.rt��µT��va��r{_acuyK�ayt�������a¨¦c
ytcu��p®��vÓz¦pK_az¦p®r{��y{z}�.��¨�9Z��cuy{�Gp®����� c¶��vC��v��È¬¢��¨Mcuva��z¦vacuc.ytzva�;� ��bdb�wavazr{z¦cup�z¦vo¬���¨¬�cu��zvÓrt_ac��.��vGr{yt��¨
��§	r{_acEp®c�¬�c._az}� ¨¦cupg_��È¬�c�v���ri���a�qytcuptp®cE�%�.��bdbd��vHz}p{p{wacEpK¼¾rt_ac��acup{z��vH��§M��wqrt���az¦¨¦��rtpuºa§©��ygz¦v�p®rt��vC� cEÁ
z¦vÅ�T�.�G��yt�azv���r{cE�;b¶��vavac.yEº�va��yK��r�r{_�c�pt��bdcdr{z¦bdc�º	va��y�ª�z»rt_Ór{_ac%p{��bdcV� ��vCpsrtyt��zvGrtp�¼©�a_onqp®z}�.��¨Òº
cE� ��va��bdz}�.��¨4º¢c r���µÂÁ´º�va��yYcu¬�c.vZª�zr{_Zr{_ac�pt��bdc������ay{�G����_acEp.µ*^&_ac��aytcup{c.vGr��C���Oc.y)��zb¶pY�¢rM�qcu¬�cu¨���azv��
����¨¦���C��¨Î���a�ayt������_d§©��y¥r{_�c��.��vGr{yt��¨O��§�r{_az}p¥§ ��bdz¦¨n¶��§�wav��qcuyt���´rtw��¢rtcu�V¬�c._az}� ¨¦cupuºo«ova�¢ª�zv���r{_C�¢r&r{_ac
vowab��Ccuyg��§Y�.z¬oz¦¨z}��vT��v��½bdz¨¦zrt��ytn½���a�a¨¦z}�.�¢rtz��v�p�z¦vo¬���¨¦¬ozv��Z¬¢��y{z¦��w�pg��wqrt��va��bZ��w�p�yt���O��rtz¦��¬�c._az}� ¨¦cup
z}p�� ��vGr{z¦vGw���w�p{¨n���yt�¢ª�zva�Cµ

�gva��rt_ac.ydz¦bZ�O��y{rt��vGr�bd��rtz¬¢�¢rtz��v²��§�r{_az}pZª/��y{«Óz}pKytc.¨}�¢rtcu�År{�Çyt����w�psrtvacuptp�z¦ptp®w�cupuºMª�_az}��_²�.��v
�OcÓ� ytz»rtz¦�u��¨i§©��y�r{_acEp®cÓp®nqp®r{cubdp%�qwac;r{�¯� � ��b��az¦v��¢rtz��v���§�§ ���´r{��ytpuµ ��zy�psrEº�rt_ac��.��bd�a¨¦c ¹qzrsn ��§
��c.yt� �¢_Gnq�qyt��·Ä�qnov���bZz}��c �Îcu� rtp�z¦bd�CcE�qcup����qrt��zvaz¦va�H���ay{cE� z}p®cd�qnov���bZz}�.��¨	bZ�q�qcu¨Òº*¬¢��¨¦z¦�;zvÓ��¨¦��y{��c
���Ccuyt��r{z¦va�i�a��b¶��z¦v�µ*^&_�c.v�ºÈrt_acup{c/¬�c._az}� ¨¦cup���ytc)��§¾r{cuv�p{wa�q�scu� r{cE��rt�g�Oc.y{r{wayt���¢rtz��v�p¥¼©ª�z¦v��K��w�p®rtpuº�p®cE�
�.wayty{cuv�r�p.º�c rt��µ Á�ª�_az}��_¶b¶�ÈnK�Ocgy����az}�q¨¦n���_���va��z¦va����v��dª�_a��p{c�b¶����vaz»rtw��qcg�u��v¶�Ocg� ��bdbZcuv�p{wayt���a¨¦c
ª�zr{_�r{_�c��È¬¢��z¨}���a¨¦ci���´rtw��¢rtz��v��O�¢ª/cuyuµY��zvC��¨¦¨n�ºqbZcE��p{waytc.bdc.vGr��¢cup®r{z¦b¶�¢r{z¦��v¶cuy{yt��y�p/��§�rt_ac�¬�cu_az¦�.¨c � p
�O��p{c��.��vK�Oc�p®z¦��vaz¸C�u��vGruµY�g§O� ��way�p®c�ºÈr{_acEp®c&z}p{p{wacup�_��È¬�c/¨¦��v��A�Oc.cuv�z¦vo¬�cEpsrtz�G�¢r{cE��§©��yYbd��von�rsnG�Ocup	��§
¬�c._az}� ¨¦cup�zv�r{_ac&� ��v�rtc ¹or*��§a¨z¦vacE��y*�.��vGr{yt��¨O¼ p{c.c/c�µ ��µ;: <�º�=oºÈ�aº¢���?>q��vC��r{_ac/y{c.§©c.ytc.v��.cup�r{_acuy{cuzvCÁ µ�hT��ytc
��c.vacuyt��¨¨¦n�ºE��¨¦¨�«ozvC�ap���§G¨¦zv�cu��y*� ��vGrty{��¨�bdc r{_��o��pM¼©�O��¨¦cM�a¨}���.c.bdc.vGruº

H2
��v��

H∞
���qr{z¦bdz³E�¢r{z¦��v�ºEÀA@A�

���qr{z¦b¶��¨o� ��v�rty{��¨ÒºÈc.rt��µÂÁ�_C�È¬�cM�Oc.cuv������a¨z¦cu��r{�gr{_acEp®c&p®nqp®r{cubdpuµ*^&_�c.n�� ��v�� cuy{v�lqzva��¨c.·4ÃÄv��awqr®·sloz¦va��¨¦c ·
�iwar{�awqr�¼ÒlqÃ®l���Á � ��vGr{yt��¨o��wa��bZcuvGr{cu�Zlonqpsrtc.b¶p&¼ � �AlaÁ���ptp®�q� z}�¢rtcu��ª�zr{_Kr{_ac&ytc.��w�¨¦��r{z¦��v���§O�ip{zv���¨¦c
¬¢��y{z}���a¨¦c¶¼©�azrt��_�º�n��Èª�ºqyt��¨¦¨���v���¨¦c�º���¨»rtz»rtw��qc�º�¨��va��zr{w��azv���¨�¬�cu¨�q�.z»rsn�ºac r���µÂÁ¶��p&ª¥c.¨¦¨���p�hTwa¨»rtz»·[ÃÄva�awar®·
hTwa¨»rtz»·®�iwqrt�awqr�¼ hHÃsh���Á�¬�c.y�p®z¦��vCp���§�r{_�cup{c¥p{nqpsrtc.b¶p.µ$B��¢ª¥c.¬�c.yEºurt_ac.nK��w���yt��v�rtc.c¥�g¨¦zbdzr{cE���q��b¶��z¦v
��§apsr����az¦¨zrsni��v�����ytcY��§¾rtc.v�����p®cE�A��v�ytcup®r{ytz¦� r{z¦¬�cM��ptp{wabd�qr{z¦��v�p)¼©c�µ ��µ�_a�¢¬�cuy{z¦va�&y{cu��z¦bdcYª�z»rt_a��wqr�ª�zvC�
��w�p®rtp�§©��y�¿i^g�AÀ¯¬�c._az}� ¨¦cup�Á´µ%�a��y�r{_acEp®cVytcu��p®��v�puº�va��v�¨z¦vacu��y�� ��v�rty{��¨)�qcEp®z¦��vÓbdc rt_a�q�apV¼¾§©cucu�q�C����«
¨¦z¦vacu��y{z¦³u��r{z¦��v�º¢������«qpsrtc.�a�az¦va�Cº�p®¨¦z}�qzv���bZ�q�qc�º�c.rt��µ Á�_��È¬�c&�Oc.c.v¶z¦v��.y{cE��p{zva��¨n�z¦vo¬�cEpsrtz�G�¢r{cE�Kz¦v¶ytcu� cuvGr
p®r{wC�qzcEpC: �qºD<È�oº�<.�aº�<�=Gºa�5<�º����aºa��EF>[µY�����awCpsrtvacuptp¥z¦ptp®w�cup¥��ytcg����y®rtz¦�.wa¨¦��y{¨¦n¶� ytz»rtz¦�u��¨C§©��y&¨¦z��_�r���vC� �È��y
p{b¶��¨¦¨C¬�c._az}� ¨¦cupuºG¨z¦«�ci�a¨z¦bd��p&��v��Vy{cE�qw�� cE�o·Äp{�u��¨¦c�¿i^g�AÀÇ¬�c._�z¦�.¨cEp.ºG¬�cuy{n¶p{c.v�p{z»rtz¬�c�r{�Zª�z¦v��o·[zv��aw�� cE�
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�Oc.y{r{w�y{����r{z¦��v�puµ	^&_acg¨}��p®r¥�qcE�.���qcup)_��È¬�c�ª�zr{v�cuptp®cE�V��vVz¦v��.y{cE��p{zva�KzvGr{cuy{cEpsr¥zvVr{_ac�� ��v�psrty{wC�´r{z¦��v¶��§
rt_acup{c)¬�c._az}� ¨¦cup���vC��r{_ac¥�qc.¬�c.¨¦���abdcuv�r���§�p{�CcE� z¸C�)�.��vGr{yt��¨G���a��y{�G����_acEpÎ§©��y	��wqrt��va��bd��w�p�v��È¬oz�G�¢r{z¦��v�µ
À�c rgwCpgbdc.vGrtz��v½r{_ac�c ¹a��bd�a¨¦cupg��§	r{_ac B��¢¬�c.y��Mn�c :Â�oºÎ�qºÎ���qº��¢��>[º��i��·4±�n�cuy : <&<�ºO���F>[ºÎz}lGr���y :2<E�F>4ºO��y
�*¿	�Y^*�i� : � =8>i¿A^g�AÀ�¬�cu_az¦�.¨cEp.º���v��°r{_ac���fg���A��� ��z¦y�p®_az¦� : �aº¥���F>4µ�^&_az}pVz¦vGr{c.ytcup®r�z}p¶bKwC��_
ytc.¨}�¢rtcu�¯rt�²rt_acÓ¬�cuytpt�¢rtz¨¦z»rsn ��§Kr{_acEp®cÓp®nqp®r{cubdp�§©��y½p{wayt¬�cuz¨¦¨¦��v�� c;��v�� zv�p{�Ocu�´rtz��v bdz}p{p{z��v�puºi��vC�
rt��r{_�c��qcu¬�cu¨���abdc.vGr���§�¨¦�¢ª&·[�.��p®r���vC�¯¨�¢ª&·[ª/cuz��_GrVc.bK�C��yt«�cu�¯p{c.v�p{��y�pT¼ ÃÄvac.y{r{z}��¨�hHcu��p®w�y{cubZcuvGr
fgvazrtpuº��.��bdcuyt��p.ºCc rt��µ Á µ B��¢ª¥c.¬�cuyuºOva��va¨z¦vacE��yi�.��vGr{yt��¨�psrtw��qz¦cupi§©�q� w�p{z¦va����vTy{���aw�p®r{vacEp{piz}p{p{wacup�§©��y
rt_acup{cdp®nqp®r{c.b¶puº�¨¦z«�c :Â�qº����aº��¢��>Y§©��yAz¦v�p®rt��v�� c�º���ytcKva��r�vGw�bZcuy{��w�puµK^&_acd�aytcup{c.vGrA�C���Oc.y�z¦p���¨¦p{���
�.��vGr{ytz¦�awqr{z¦��v�r{�Zrt_ac��qcup{z¦��v½��v��½��vC��¨¦nop{z}p/��§*yt���awCpsr�va��va¨z¦vacE��y�� ��vGr{yt��¨Î¨¦�Èª�puµ

^&_ac�� ��vGrty{��¨)�qcup{z¦��v�§©yt��bdc.ª¥��yt«T_ac.ytc¶�ayt���O��p{cu�Ó�����a¨z¦cup�r{�Ç�½¨}��yt��cV�.¨¦��p{p���§�wav��qcuyt���´r{wC�¢r{cE�
¬�c._az}� ¨¦cup���v��Óp®cu¬�cuyt��¨M� ��vGrty{��¨YbZ�q�qcEp�rsno�az}�.��¨¦¨¦n;��ptp{�o�.z¦��r{cE�Çª�zr{_��qz �Ocuy{cuvGrK¨cu¬�cu¨¦p���§&bd��r{z¦��v���wq·
rt��va��bKn�µ ~Y��y®rtz¦�.wa¨¦��y¶�¢r®rtc.vGr{z¦��v z}p¶����z}�²r{�Ór{_�c½r{_aytc.c%§©��¨¦¨¦�¢ª�zva���ayt���a¨¦c.b¶p89½z}Ádp®rt���az¨¦z¦³u�¢rtz��v°��§
¼Ò�qcup{z¦y{cE��ÁAy{c.§©c.ytc.v��.cZr{_aytw�p®r��qz¦y{cE�´r{z¦��vCp.º*zz¾Á�p®rt����z¨¦z³E�¢rtz��v;��§¥ytc §©cuy{cuv�� c¶¨¦zv�cu��y�¬�c.¨¦�q� zr{z¦cupuº*��vC�;z¦z¦z}Á
p®rt���az¦¨z¦³u��r{z¦��vÓ��§�ytc §©c.ytc.vC� cV�O��p{z»rtz��vq·4r{y��¢�scu� r{��y{z¦cupuµ�^&_acV¸�ytp®r���v���p®cE� ��v����ay{���a¨¦c.b¶p�ytc.¨}�¢rtcdrsnG��z»·
�u��¨¦¨n½rt�½bd��vow���¨O�s�¢nqpsrtz¦��«G·Ä��wa��bdc.vGr{cE�o·[�.��vGr{yt��¨�p{zr{w���r{z¦��v�puº�ª�_acuy{cE��pgr{_acZr{_�zy��Ç��vacdz¦p���p{p{�q� z}�¢r{cE�
ª�zr{_T§©wa¨¨¦nH��wqrt��va��bd��w�p�bd��r{z¦��vT�����a¨z}�.��r{z¦��v�puµ�ÃÄvHrt_az¦pg�����Oc.yEºOª/cK�.��v�p{z}�qc.ygr{_acZ�.��p{c���§M¬�c._az}� ¨¦cup
bd�¢¬oz¦va��zvV�  �·Äp{�����.c�ª�z»rt_¶§©��way/zvC�qc.�Oc.v��ac.vGr¥���´r{wC�¢r{��ytp�¼ ��vacg§©��y�� c���v��Zr{_aytc.c�r{��y�|Gwacup�Á´º�«ova�¢ª�zv��
rt_��¢r�p{z»¹Ç���´r{wC�¢r{��ytpiª¥��wa¨}�T�Oc�v�cu� cEp{pt��ytn%§©��yi§©wa¨¦¨M���´rtw��¢rtz��v�µ��¥r�r{_ac�¸�y�psr���¨}��vC� c�ºOrt_acd�ay{���C�Gp®cE�
���a�ayt������_�z}p�y{cubdzvaz}pt� c.vGr���§	bdc rt_a�q�apg�qcEp{�.y{z¦�Ocu��zv : EqºC���aºO���F>�§©��y&rt_acKp®rt���az¨¦z¦³u�¢rtz��v���§�_��¢¬�c.ytz¦va�
¿A^g�AÀÓ¬�cu_az¦�.¨cEp.º�����p{cu�%��v%rt_ac�z}�qcu�d��§	wCp®z¦va�dr{_�c�r{_aytw�p®r�§©��y�� c���v��%r{_acK¬�c._�z¦�.¨c � p���y{z¦c.vGr��¢r{z¦��v½��p
�.��vGr{yt��¨*¬¢��ytz¦���a¨cEp�rt�%p®rt���az¨¦z¦³.c�rt_acZ¬�c._�z¦�.¨c � pg¬�c.¨¦�q� zrsnH��v�� �¢��yi�C�Gp®zr{z¦��v 7���v��½rt_ac.v;��§)�����a¨noz¦va���
�.¨¦��p{p{z}�.��¨Î������«qpsrtc.�a�az¦va�Z�ayt�o�.cu�qw�y{c���y��d_az¦��_a·4�G��z¦v�� ��vGr{yt��¨¦¨cuy)rt�V�qc rtc.ytbZz¦vacAr{��yt|Gwac.·4z¦va�awartp��.�����¢·
��¨c���§Op®rt����z¨¦z³uzv��irt_ac��qcEp®z¦y{cE�K��y{z¦c.vGr��¢r{z¦��v�µ�ÃÄvZr{_az}pY�����Ccuyuº�zv�p®r{cE������§Or{_ac���y{z¦c.vGr��¢r{z¦��v�º¢ª/c&w�p{c&r{_ac
¬�c._az}� ¨¦c$� p���va��wa¨}��y�¬�cu¨�q� zrsnT��pAz¦vGr{c.ytbdcu�qz}��ytnT� ��vGr{yt��¨	zv��awqruµ¶^&_az}p�p{c.cubZz¦va��¨n��{p®b¶��¨¨��Z�qz �Ocuy{cuv�� c
z}puº�z¦v¶§ ��� ruºo� ��vCp®cE|�w�c.vGr{z}��¨a�Ocu�u��w�p{c�zr¥��¨¦¨¦c.¬oz¦��r{cEpM��� cuy®r���z¦v¶vGw�bK�Oc.yM��§��az»ÆV� w�¨»rtzcEp/��p{p{�q� z}�¢r{cE�Kª�zr{_
�.��vGr{yt��¨)zva��wqrtpZª�_az}��_��Ccu¨��va�Trt�;�T�.��bd�����´rKb¶��v�z»§©��¨¦�Å��v���cuv�rtc.yKr{_ac½p®nqp®r{cub	� p�cE|Gw��¢rtz��v�zv²�
v���vq·Ä�¢Æ¶vacK¼ va��v�¨z¦vacu��y�ÁYbd��vavacuyuµ	Ã[r¥��¨¦p{�K��¨¨¦�¢ª�pM��vac�r{�Z�.��psr¥¨z¦vacu��y)¬�c.¨¦�o�.z»rsnd��vC�¶�C�Gp®zr{z¦��vV�.��vGr{yt��¨
��y{���a¨cub¶pM��pYvC�¢r{w�yt��¨ac ¹or{cuv�p{z��v�pM��§Ort_ac�����p®z}�¥r{_�y{w�p®r¥�azytcu� r{z¦��v¶� ��v�rty{��¨a��v�c�µ	��va��r{_acuy)��ytz¦��z¦v���¨¦z»rsn
��§Mr{_�z¦pA�����CcuyA¨¦z¦cupAzv;r{_�cKrty{cE�¢r{bdcuv�r���§/wavabd�q�qc.¨¦cu���qnov���bdz}�.puµ�Ã[r�z¦pAª¥c.¨¦¨»·[«ova�¢ª�v½§©y{��b � ��vGr{yt��¨
^&_�c.��ytn¶rt_��¢r�z¦vGr{c.��yt��¨�� ��y{ytcu� r{z¦��v½� ��vCpsrtz»rtwqr{cEp���v½c �Îcu� r{z¦¬�c�bdcu��v�p&rt�V� ��bd�Oc.v�pt�¢rtcA§©��y�bd�q�qc.¨¦z¦va��º
bdcE��p{way{cubdc.vGruº���v�� �¢��y�cEpsrtzb¶�¢rtz��vTpsr��¢rtz¦��cuy{yt��y�p�¼©��z¦��p®cEptÁ µ�Bg�¢ª/cu¬�cuyuºqzriz}pg��¨¦p{�¶ª/cu¨¨·[«Gv��¢ª�v�rt_��¢r
rt_az}p&rsno�Cc���§Y� ��y{ytcu� r{z¦��v�bd�Èn���c.v�c.y��¢r{c�p{��·Ä�.��¨¦¨¦cu�Vª�z¦v��qw��%��y{���a¨cub¶p.µYhT��vGn�� ��vGrty{��¨Î�acup{z��v�rtcu��_q·
v�z¦|GwacEp����a�qytcuptp®z¦va��rt_acup{c¥�ay{���a¨¦c.b¶p�_��È¬�c/�Ccuc.vK��y{���C�Gp®cE���qwaytzv��grt_ac/¨}��p®rY�qcu�u���qcEp.º¢¨¦z«�cMrt_ac&vacup®r{cE�
pt�¢rtway��¢r{z¦��vCp����a��y{�G����_Å¼ p{c.c�c�µ ��µ :2<E�qºO��<�>©Á´µ�^&_acup{cKbdc rt_a�q�apinGz¦c.¨}�½rt���O��wav��ÇzvGrtc.��y���¨�� ��y{ytcu� r{z¦��v
rtc.ytb¶p*z¦v�rt_ac�� ��v�rty{��¨�z¦va�awartpuµ*ÃÄvd�q��z¦va�Ap®�CºÈr{_ac&ytz¦p{«���§Cpt�¢rtway��¢r{z¦va�gr{_ac&��� r{w���r{��y�p���v����sc.���C��y��qz³uzv��
rt_acKp®rt���az¨¦zrsn���§�r{_�cK� ��v�rty{��¨¨¦cu�%p{nop®r{cubÉz}p�ytcu�qwC� cu�%c �OcE�´r{z¦¬�cu¨n�µ Bg�¢ª/cu¬�c.yEºor{_�z¦p��a�GcEp�va��rg�aytc.¬�cuvGr
rt_ac¶z¦v�rtc.��yt��¨	r{c.ytb¶pAr{_acub¶p®cu¨¬�cup�rt�%��y{�¢ª ��yt�azr{y���ytz¨¦nH¨¦��y{��c�º�va��y�r{_�cV��ptp®�q� z}�¢rtcu�Ç�ay{���a¨¦c.b��o¨zr®rt¨c
���a�qytcuptp®cE�½zvTr{_ac�¨zr{cuyt��r{waytc ����§)p®¨¦�¢ª��qcupt�¢rtway��¢r{z¦��vHª�_�z¦��_Tb¶�Èn%zvC� ytcu��p{c�rt_acZp{nqpsrtc.b � p�r{z¦bdc�ytc ·
p{�O��v�p{cKc.¹q�.cuptp®z¦¬�cu¨n�µi^&_acZva��va¨z¦vacE��ygz¦vGr{cu��y��¢r{��yg�O��wavC�qzv��Vr{cE��_avaz}|Gwac�_�c.ytcK�ayt���O��p{cu�H�qcE��¨}pgª�zr{_
rt_az}pg�ayt����¨cub ��v��Hz}pg��v���r{_�c.yi�.��vGr{ytz¦�awqr{z¦��vH��§Yr{_ac������Oc.yEµg��z¦v���¨¦¨n�º�rt_acZª¥�Èn�c.vacuy{��n%�qz}ptp®z¦���¢rtz��v
��y{�q�qw��.cu���onÇbd��rtz��vÓy{cE���´rtz��vÇ§©��yt�.cup�z}p�c ¹q�a¨¦��zr{cE��º*§©��y��O��rt_Ór{_acV�.��vGr{yt��¨M�qcEp®z¦��v���v��Ópsr����az¦¨zrsn
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��v���¨¦nqp®cEp.º¢�.��v�p®r{zr{wqrtcup�rt�i��way	«Gv��¢ª�¨cE�q��c¥�gva�¢¬�c.¨GzvGrtc.yt�ay{c.rt��r{z¦��vKª�_�z¦��_g�sw�psrtz»¸Ccup�r{_�c¥wCp®c¥��§Îp®z¦bd�a¨c
bd�q�qcu¨¦p���v��½p®wa���C��y®r�p&����p{c.yt¬¢�¢r{z¦��vCp)b¶���ac��Gn���r{_�c.y���war{_a��ytp¥z¦v�rt_az}p�y{cEp®�Ocu� r : ����>[µ

^&_acÓ�����Ccuy½z¦p%��yt����vaz¦³.cu����p�§©��¨¦¨�¢ª�puµ ^&_ac�va��r��¢r{z¦��vR��v��òr{_ac��qnov���bdz¦�;bd�o�ac.¨¦zva� ��§�r{_ac
�.¨¦��p{p���§Ap®nqp®r{c.b¶pZ� ��v�p®z}�qcuy{cE�Å��ytc�ytcu�u��¨¦¨cE��zv�locE�´r{z¦��v¯�oµ°lo��bdc���ptp{wabd�qr{z¦��v�pZ��v�r{_ac½c.¹Grtc.ytv���¨
§©��yt�.cup/���a�a¨¦nozv���r{�Kr{_ac�p{nop®r{cub ¼©��y��È¬oz»rsn�ºG��c.yt� �¢_Gnq�qyt��·Ä�qnov���bZz}�)§©��y�� cupuºGc rt��µ ÁZ��y{c�z¦vGr{yt�q�qw�� cE�V��vC�
�az¦pt� w�ptp{cu��z¦v�r{_az}p�p®cE�´r{z¦��v�µ�ÃÄvazr{z}��¨G� ��vGrty{��¨�¨}�Èª�p���ytc)�qcuy{z¦¬�cE��zv�lqcu�´rtz��v���wav��ac.y	��ptp®wabd�qrtz��v�p�w��C��v
rt_ac��.��vGr{ytz��wqr{z¦��v���§¥rt_acVc.¹Grtc.ytv���¨M§©��y�� cupK���´rtzv��T��v�r{_�c�¬�cu_az}� ¨¦c�µH^&_acVytcup{wa¨r{z¦va�Tp®z¦bd�a¨¦z»¸C�u�¢rtz��v
§ ��� z¦¨zrt��r{cEp�rt_ac�c.¹o�O��p{zr{z¦��vÅ��§�r{_ac�bd��zv²¨z¦vacup���§gr{_ac%���a�ayt������_�µTÃÄv°lqcu�´rtz��vÅ�aºYrt_ac��.��vGr{yt��¨¦¨¦c.y�p
��y{cZbd�q�qz»¸Ccu�;zv���y��qc.yArt�½�.��bd�a¨¦nHª�z»rt_ÓbZ��y{cZytcu��¨¦z}psrtz¦�Z��ptp®w�bZ�ar{z¦��v�puµZloz¦bKw�¨¦��r{z¦��v�y{cEp®wa¨rtpi§©��y��
�C��y{r{z}� wa¨}��y�bd�q�qc.¨/��§��H¿i^g�AÀ¯¬�c._az}� ¨¦cV��ytcV�qcEp{�.y{z¦�CcE��zv²locE�´rtz��v��½r{�Hz¦¨¨¦w�p®r{y��¢r{cdrt_ac��.��v��.c.�qr�p.µ
��z¦v���¨¦¨¦n�º�p®��bdc%ytc.b¶��y{«qpd��v rt_acH�ayt���O��p{cu� � ��vGrty{��¨�psrtyt��r{c.��n²��vC� ���az¦pt� w�ptp{z��v ���C��wqrV�C�Gp{p{z¦�a¨c
§©war{waytc�ª/��y{«V�.��v��.¨wC�qcAr{_ac������Ccuyuµ

À�c r�w�p�bdc.vGr{z¦��v�rt_��¢r*���ay{cu¨z¦bdzvC��ytng¬�cuytp{z¦��v :2<E�F>���§Grt_az}p������Ccuy�_���p��Oc.c.v���y{cEp®cuv�rtcu���¢r�r{_acM�G�¢rt_
Ã � � � � �  � µC^&_�c��aytcup{c.vGr������Oc.yg�.��vGrt��zvCp�p®wa�Cpsr���vGr{z}��¨�c.¹or{c.vCp®z¦��v�p&��§*rt_acK�.��vq§©cuy{cuv�� c������Ccuyuµ/ÃÄv
�C��y{r{z}� wa¨}��yEº 0 � rt_ac���cuvac.y���¨q�.��p®c&��§C¬�cu_az}� ¨¦cup	bd�¢¬ozva�Az¦vd�  �·Äp{�����.c¥z}p	_acuy{c�� ��v�p{z¦�qcuy{cE��º�ª�_acuy{cE��p : <u�F>
ª&��p&¨¦z¦bZzr{cE�%r{�drt_ac��a¨}��v���y��.��p{c�º 0�0 � �d� ��vGr{yt��¨�p{��¨¦wqr{z¦��v%rt��«ozva�Zrt_acK� ��v�p®r{y���z¦v�r���§�wav�z¦�qz¦ytcu�´rtz��v���¨
rt_aytw�psr¥zvGrt�����u� ��wavGr)z¦p¥�ayt���O��p{cu�H¼4locu� r{z¦��v���µ ��Á´º 0�0�0 � p{��bdci�.��vGr{yt��¨abd�q�qz¸C�.��r{z¦��v�p¥��ytc�z¦vGr{yt�o�aw�� cE�
rt�;z¦bd�ayt�¢¬�c�yt����w�psrtvacuptpZ�ayt���Oc.y{r{z¦cup�ª�µ yEµ rEµ°p{��bdc%bZcE��p{waytc.bdc.vGrd��yZcup®r{z¦bd��r{z¦��v°c.yty{��ytp%¼ÒlocE�´rtz��v
�GÁ´º 0�� � p®rt����z¨¦z»rsn°�ayt�G��§ pZ§©��y¶rt_acH�ayt���O��p{cu� � ��v�rty{��¨¨¦c.y�pd��ytc½�ay{�¢¬oz}�qcu��º¥��v�� � � ���.��p{cHpsrtw��qn°z¦p
��y{cEp®cuv�rtcu�ò��¨��va�²ª�zr{_�p{zb�wa¨¦��r{z¦��v2y{cEp®wa¨rtp�ª�_az}��_2z¦¨¦¨w�p®r{y��¢rtcTrt_acÓy{���aw�p®r{vacEp{p���§�rt_ac����a��y{�G����_
ª�µ yEµ rEµYwavabd�q�qc.¨¦cu�%�qnov���bdz}�.p���v����Ccuy®rtway{�C�¢r{z¦��vCp�¼ÒlocE�´r{z¦��vH��Á µ

� � ���*'��*- �K� '��%! � �¶!%��
 - ���

�
	�� ��������������
ÃÄvZrt_az¦pM�����Oc.yEº�ª¥c/§©�q�.w�pY��vd¬�c._az}� ¨¦cup	ª�_az}��_d�.��vd�Oc�bd�o�ac.¨¦cu�d��p	ytz��z¦���O�o�azcEpYzbdbdc.y�p{cu��zv¶�i±�waz}��µ
^&_�ci§©��¨¨¦�¢ª�z¦va�dva��r��¢r{z¦��v%z}p&w�p®cE��µ

� G
z}p&rt_ac�¬�cu_az¦�.¨c � p��.c.vGr{cuy&��§	bd��p{puº

m
z»r�p�b¶��ptp.ºa��v��

J
zrtp�z¦vac.y{r{z}�Zb¶�¢r{ytz¹Îµ

� I � {O;−→ı o,−→ o,
−→
k o}

z}p¶�;¸a¹qcu��¼©z¦vacuy®rtz¦��¨���y�����¨¦z¨¦cu��vCÁK§©yt��bdc%ª�µ yEµ rEµ ¼©ª�zr{_¯y{cEp®�Ocu� rdr{�GÁ
ª�_az}��_Krt_ac&¬�c._�z¦�.¨c � pY����p®��¨war{c&p®zr{w���r{z¦��v%¼©�O��p{z»rtz��v�����ytzcuv�r��¢rtz��vCÁ�z}p	bdcu��p®waytcu��µ*^&_az}p*§©yt��bZc
z¦p���_���p{c.v;��pir{_ac¶e �  §©y���bdc%¼Òe���y®rt_q· �/��p®r®·  g�¢ª�vCÁgª�zr{_;r{_ac¶¬�cu�´rt��y −→ı o

�O��z¦vGr{z¦va�%r{�%r{_ac
e���y®rt_�ºart_ac�¬�cE�´rt��y −→ o �C��zvGrtzva�Vr{�dr{_�c��)��p®ruºO��v��%rt_ac�¬�cu�´rt��y −→

k o
�O��z¦v�rtzv��dr{�¶rt_acK� cuvGr{c.y

��§ir{_ac½cu��y®rt_�µ B � {G;−→ı ,−→ ,
−→
k } z}p¶�Ç§©yt��bZcH��r®rt����_acu�År{�;r{_ac½�O�q�qn�µ¯^&_ac½¬�cE�´r{��y −→

k
z¦p

����y���¨¦¨¦c.¨�rt��rt_ac�rt_aytw�psrA§©��y�� cZ�¢¹qz}p.µA^&_az¦pi¨¦cu�È¬�cEp�rsª¥���O��ptp®z¦�a¨¦c���v��H�����C�Gp®zr{cZ�qzytcu� r{z¦��v�p�§©��y
r{_az}p	¬�cE�´rt��yEµ�ÃÄvK��yt���´r{z}� c�º�p®cu¨cE�´rtzva�A��v�c/��§�r{_�c.b��u��vK�Oc&y{cu¨¦��r{cE��r{��� ��v�p{z¦�qcuy{z¦va�A� �®va��bdz¦v���¨��
bd��r{z¦��v½��ptp{�o�.z¦��r{cE�Vª�zr{_�r{_ac�¬�c._az}� ¨¦cA��v��%��_a�o��p{zva�Kr{_ac��azytcu� r{z¦��v�ª�_�z¦��_%b¶��«�cEp/r{_ac�pt�.��¨¦��y
�ayt�o�aw��´rA�Cc.rsª/cuc.vTrt_ac�rt_aytw�psrA§©��y�� cK¬�cu� r{��yi��vC� −→

k
cuz»rt_ac.yA�O��p{z»rtz¬�cK��yivac.�G�¢rtz¬�c�µ! �_�c.ytcu��p

r{_ac/�C�Gp®zr{z¦¬�c/���qrtz��v�ª/��wa¨}��� ��ytytcup{�C��v��ir{��rt_ac)_acE���qz¦va�g�azytcu� r{z¦��v���§q�gp®_az¦��bd�¢¬ozv���§©��ytª¥��yt��º
ª/c�_��È¬�ci���qr{cE��_�c.ytcg§©��y&r{_ac�vacu���¢rtz¬�ci��vac�zv%��y��qcuy/rt�d�Cc�� ��v�p{z¦p®r{cuv�r�ª�zr{_�r{_ac��.��vo¬�cuvGr{z¦��v
w�p{cu��§©��y�¿A^g�AÀ;¬�c._az}� ¨¦cup�¼ ª�z»rt_ −→

k
�C��zvGrtzva�¶�q�¢ª�voª&��y��Vva��bdzv���¨¨¦naÁ´µ
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��z¦��waytc <&9YÃÄvacuy®rtz¦��¨���v����O�o�an�·4¸a¹qcu��§©y���bdcupuµ

� ^&_ac�¬�cu� r{��yK��§�� �o��y��qz¦v��¢rtcup���§
G

zvÓrt_ac��C��p{z¦pK��§&r{_ac�¸a¹qcu�Ó§©y���bdc I z}pK�ac.va��r{cu����p
x =

(x1, x2, x3)
T ª�z»rt_Årt_ac%^¥·Äp{nGb��C��¨)w�p{cu�Å§©��yKr{_ac%���Oc.y��¢rtz��v���§�r{y���vCp®�O��p{z»rtz��v�µ;^&_�c.ytc §©��ytc�º

−−→
OG = x1

−→ı o + x2
−→ 0 + x3

−→
k o

ºa��y{cu¨¦��r{z¦��v�r{_���r&ª¥cAª�z¨¦¨���¨}p®�Zª�ytz»rtciz¦v%�Zbd��ytci�.��v��.z¦p{cAª¥�Èn
��p −−→

OG = (−→ı o,−→ o,
−→
k o)x

µ
� ^&_ac¶��ytz¦c.vGrt��r{z¦��vÇ��§)rt_ac¶�C�q�qnG·4¸a¹qcu�Ç§©yt��bdc B ª�µ yuµ ruµdrt_acdzv�c.y{r{z}��¨	§©y���bdc I z}p�ytc.�aytcup{c.vGr{cE�

�on²rt_acÇyt��r��¢r{z¦��v¯b¶�¢rty{z¹
R
µ�^&_acÇ�.��¨¦wabdv�¬�cE�´r{��ytpV��§

R
�.��yty{cEp®�O��v��²r{�År{_ac;¬�cu� r{��ytpd��§

� �o��y��qz¦v��¢rtcup¥��§ −→ı , −→ ,
−→
k

c.¹q�ay{cEp{p{cu��zv%rt_ac�����p{z}p&��§ I µ
� ^&_ac�¬�cu�´rt��y���§	�.�G��yt�azv���r{cEp���ptp®�q� z}�¢rtcu��ª�z»rt_½r{_acK¨z¦vacu��y�¬�cu¨�q� zrsn���§

G
ª�µ yuµ ruµ I z¦p��ac.va��r{cu�

��p
ẋ = (ẋ1, ẋ2, ẋ3)

T ª�_acuv;c.¹o��y{cEp{p{cu�Hz¦v;r{_acd����p®z}p���§ I º*��vC�Ç��p
v = (v1, v2, v3)

T ª�_acuv
c ¹q�aytcuptp®cE��z¦v%r{_ac�����p®z}p&��§ B ºqzÒµ c�µ −→v = d

dt

−−→
OG = (−→ı o,−→ o,

−→
k o)ẋ = (−→ı ,−→ ,

−→
k )v

µ
� ^&_ac¶��va��wa¨}��yA¬�c.¨¦�q� zrsnH¬�cE�´r{��y���§)rt_acd�C�q�qnG·4¸a¹qcu�T§©yt��bZc B ytc.¨}�¢r{z¦¬�cKr{�%r{_�c�¸�¹ocE�T§©y���bdc I º

c ¹q�aytcuptp®cE��z¦v B ºoz}p��qcuva��rtcu�%��p
ω = (ω1, ω2, ω3)

T µ

� ^&_ac)��bK�az¦c.vGr�±�w�z¦��¬�c.¨¦�q� zrsngª�µ yuµ ruµ�r{_acY¸�¹ocE��§©y���bdc I z}p��qcuva��rtcu����p −→v f = (−→ı o,−→ o,
−→
k o)ẋf

= (−→ı ,−→ ,
−→
k )vf

µ
� ^&_ac �{���a����y{cuvGr�¬�c.¨¦�o�.z»rsn �/��§Crt_ac&�C�q�qn −→v a

z}p�r{_ac��qz �Îc.ytc.v��.c��Cc.rsª/cuc.v�r{_ac�¬�c.¨¦�o�.z»rsnK��§
G

��vC�
r{_acA��b��azcuvGr)±�waz}�¶¬�c.¨¦�o�.z»rsn�º�z4µ c�µ −→v a = −→v −−→v f

µ	Ã[r�pM¬�cE�´rt��y)��§�� �o��y��qz¦v��¢rtcupYz}p
ẋa = ẋ− ẋfc ¹q�aytcuptp®cE�%zv%r{_�c�����p{z}p���§	r{_�c�¸a¹qcu��§©y���bdc I ºÎ��v��

va = v − vf
c.¹q�ay{cEp{p{cu��z¦v½r{_ac��C��p{z¦p���§

r{_ac��O�q�qnG·Ò¸�¹ocE��§©yt��bZc B ºqzÒµ c�µ −→v a = (−→ı o,−→ o,
−→
k o)ẋa = (−→ı ,−→ ,

−→
k )va

µ
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�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� =

� {e1, e2, e3}
�qc.va��r{cEp¶r{_�c;�.��va��v�z¦�u��¨�����p®z}p¶��§

R
3 º�z4µ c�µ

e1 = (1, 0, 0)T
º

e2 = (0, 1, 0)T
º

e3 = (0, 0, 1)T
µ

� �a��yA��vGn%¬�cE�´rt��y
u ∈ R

3 º S(u)
�ac.va��r{cupgr{_�c�p{«�c.ª&·Äp{nGbdbdc rty{z}��b¶�¢rty{z¹H��ptp®�q� z}�¢rtcu�½ª�zr{_Çr{_ac

� yt��ptpY�ayt�q�qw��´r/�Gn
u
º�z4µ c�µ

S(u)v = u× v
§©��y¥��vonZ¬�cu� r{��y

v ∈ R
3 ºGª�zr{_ × rt_aci�.y{�Gp{p®·4��y{�q�qw�� r

���Oc.y��¢rtz��v�µ
� ^&_ac �Mw��.¨z}�qcE��v½va��ytb z¦v

R
3 z}p��qcuva��rtcu�½��p |.| µ

� � §©w�v��´rtz��v
y : [to, +∞) −→ R

p z}pKw�µ ��µ¯¼¾§©��y �5
 ��0 � (��+��
����,���5�%!*�,! ÁK�Gn��T�.��v�p®rt��vGr
c
º	z§

r{_acuy{c½c.¹oz}p®rtp¶�;r{z¦bdc
T

p{w���_Årt_��¢r |y(t)| ≤ c, ∀t ≥ T
µ¯��v¯��war{�awqr

y = h(x, t) ∈ R
pz¦p�w�µ w�µ ��µ%¼¾§©��y �5�/0 ���� � 
�� �5
 ��0 � (��6�'
����,���5�%!*�,! Ái�onÇ���.��v�p®rt��vGr

c
��¨¦��va��r{_ac¶p{��¨¦wqr{z¦��vCpgrt�%�

�qz �Ocuy{cuv�rtz¦��¨	cu|Gw��¢rtz��v
ẋ = f(x, t)

z»§sºÎ§©��y���von
(xo, to)

º
y(.) = h(x(., xo, to))

z¦pAw�µ ��µ��on
c
º

ª�_ac.ytc
x(τ, xo, to)

�qc.va��r{cEpgrt_ac¶p®��¨war{z¦��vÇ��rArtzbdc
τ

��§
ẋ = f(x, t)

ª�z»rt_;z¦vazr{z}��¨Y� ��v��qzr{z¦��v
xo

��r
t = to

µ

�
	 � ���
	 ����  ��������� �
�
 �c��.��v�p{z}�qc.yAbdcu��_���vaz¦�u��¨�p®nqp®r{c.b¶piª�z»rt_H§©��w�yA�.��vGr{yt��¨*zva��wqrtp89���v�c�§©��y�� cKzva��wqr

T
¼ ��¨}p{�Vy{c.§©c.yty{cE�

rt�T��p�rt_ac �sr{_�y{w�p®r �¶z¦va�awqr´Á���¨¦��va�½rt_acV�O�q�qnG·Ò¸a¹qcE���azytcu� r{z¦��v −→
k

rt�T� ytcu��r{c¶¨¦��va��z»rtw��qz¦v���¨Mbd��r{z¦��v�º
��v��%r{_�y{cuc�zvC�qc.�Oc.v��ac.vGrgrt��y�|�w�c�zva��wqrtpgr{���.y{cE�¢rtc�y{��rt�¢rtz��v���¨�bZ��r{z¦��vT��v��½bd��vazr{��y�r{_ac�¬�cu_az¦�.¨c � p
��r®rtz»rtw��qc�µi^&_az¦pi� ��y{ytcup{�C��v��ap¥rt���drsno�az}�.��¨���ytyt��va��cubdc.vGr&r{_���rA�.��vH�CcK§©��wavC�H��vH¿A^g�AÀ�¬�cu_az¦�.¨cEp.º
��zyt�a¨}��vacEp.º��a¨z¦bd��puº�yt�o��«�c r�p.º�c.rt��µ� ;c���ptp®wabdcZr{_C�¢r�r{_�cdr{_aytw�p®r −→

T = −T
−→
k

���a�a¨¦zcEp��¢rK�½�O��z¦v�r
¨¦zr®r{¨¦c½�qz¦p®rt��vGrK§©yt��b r{_ac%�¢¹qz}p {G;

−→
k } p®�Tr{_���rZzrZ�q�ocEpKva��rd�.y{cE�¢rtc���vÅz¦bd�C��y®r���vGrKrt��y�|Gwac��¢r

G
µ

^&_�c�r{��yt|GwacZ��� r{w���r{z¦��vHz}p�rsno�az}�.��¨¨¦n½���qr���z¦vacu�H¬oz}��p{cu�.��v��a��y{n��ayt���Oc.¨¦¨cuytp�¼ �g��·[��¨¦n�cuy�Á ºCytw��a�qcuytpi��y
±O����p�¼�B��¢¬�c.y��Mn�cÈÁ´º��.��vGr{yt��¨�bZ��bdc.vGr)��noyt��p�¼Òp®cuc : �G�?>©Á´ºoc r���µ � ��bd�a¨¦c rtc�r{��yt|Gwac����´r{wC�¢r{z¦��v¶��¨¨¦�¢ª�p	r{�
bd�q�qz§©nZr{_aci¬�c._�z¦�.¨c � p/�¢r®rtz»rtw��qcizvV��yt�ac.yYrt�K�qz¦y{cE�´r)rt_ac�rt_aytw�psr¥�¢r/ª�z¦¨¦¨ÒµY��¨¦¨Cr{_aci��r{_�c.yM§©��yt�.cup/���´rtzv��
��vKrt_ac&¬�cu_az¦�.¨c�¼ ��y��È¬Gzrsn���v����awa�¢nG��v��.nA§©��y�� cupuº������qcu�o·[b¶��ptp*§©��y�� cupuº���vC���qz}ptp®z¦���¢rtz¬�c���c.yt�q�qnov���bdz}�
��y)_onq�qyt�o�anGvC��bdz¦��y{cE���´rtz��vZ§©��y�� cup�ÁM��y{cip®wabdbdcu�Vwa�Vz¦v���¬�cu�´rt��y −→

F e
ºqp{��r{_���r/rt_ac�rt��r���¨Oy{cEp®wa¨rt��vGr

§©��yt�.c����a�a¨¦z¦cu��r{�dr{_�cA¬�c._az}� ¨¦c�z}p
−→
F = −T

−→
k +

−→
F e

ÃÄv;r{_�cd����p{c.v��.cK��§¥bd��r{z¦��v;y{cE��� r{z¦��vT§©��yt�.cupic ¹qc.y{r{cE�T�onHrt_ac¶��bK��zcuv�rA±�waz}�;��vTrt_acd¬�cu_az¦�.¨c�º���va¨¦n
��yt�È¬ozrsn�º&c.¬�c.vGr{wC��¨¦¨n � ��w�v�rtc.y���� r{cu�¯�on �awa�¢nG��v��.nÅ§©��y�� cEpV��§�y{��wa��_a¨¦n°�.��v�p®rt��vGr�b¶����v�z»rtw��qc�ºi��ytc
��y{cEp®cuv�r&z¦v −→

F e
µM^&_az}p¥§©��y�� c��.��v�rt_ac.v½�OcAbd�q�qcu¨cE����p����.��v�p®rt��v�r�¬�cu�´rt��y¥����y���¨¦¨¦c.¨Or{�Zr{_�c {0;

−→
k o}��¹qz¦p¶��p{p{�q� z}�¢r{cE�Åª�zr{_ r{_�c½¸a¹qcu�²§©yt��bZc I µ B��¢ª¥c.¬�cuyuº/�qwac½r{����c.yt�o�anGvC��bdz¦����y¶_onq�qyt�q�qnov���bdz}�

ytcu���´rtz��v�§©��y�� cEp.ºÈrt_az}p	¬�cu� r{��y*��c.vacuyt��¨¨¦n��qc.�Oc.vC�ap	��v�r{_ac����a����ytc.vGr	�C�q�qnK¬�c.¨¦�q� zrsn���v��Z���u� cu¨cuyt��r{z¦��v
¼ ¬oz¦�d�����qcu�o·[b¶��ptp¥c �Îcu�´r�ptÁ ºqzÒµ c�µY��v

(ẋa, ẍa, ω, ω̇)
��p&ª¥c.¨¦¨���p&��v�r{_�cA¬�c._az}� ¨¦c$� p��¢r{r{zr{w��ac

R
µ	Ã[r�b¶�Èn

��¨¦p{���qcu�Ccuv��;��vHrt_ac�¬�c._az}� ¨¦c$� pi�C�Gp®zr{z¦��v;ª�_ac.vÇr{_acd��_���y���� r{cuy{z}psrtz¦�up���§)r{_acd��b��azcuvGrg±�waz}�Ç��y{c�va��r
rt_ac¶p{��bdc�cu¬�c.ytnoª�_ac.ytc�µ�����y�p®z¦bd�a¨¦z¦�.z»rsn�º�r{_az}p�¨}�¢r®rtc.y��qcu�Ccuv��qc.vC� cdª�z¨¦¨Yva��rA�Oc¶� ��vCp®z}�qc.ytcu�Çzv;r{_�z¦p
�C���Oc.yEµ*hH��y{cu�¢¬�c.yEºEª�_ac.ytcu��p�rt_ac��qc.�Oc.v��ac.v��.c/��vZ���.� cu¨cuyt��r{z¦��v�p�z¦p�yt��wa��_a¨¦nA¨¦z¦vacu��yuº¢zrYz¦p�«ova�¢ª�v�rt_��¢r
rt_acgz¦vGr{cuv�p®zr{z¦cup/��§�bd��rtz��vVytcu��� r{z¦��vZ§©��y�� cEpM¬¢��ytnZ¨z¦«�c�rt_acipt|Gw���ytc���§ |ẋa| µY^&_acuy{c.§©��ytc�º�rt_acgz¦vGr{cuv�p®zrsn
��v��V�qz¦ytcu�´rtz��vV��§ −→

F e
�u��vV¬¢��ytndzv�¨¦��y{��c��ayt���O��y{r{z¦��v�p)��p¥p®�o��v���pYrt_acA¬�c._�z¦�.¨c � p¥�qcup{z¦y{cE�¶¬�cu¨�q� zrsnZz¦p
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bd�q�qz¸�cu��p®z¦��v�z»¸C�u��vGr{¨¦n�º¢��y��awac¥r{�Azbd�O��y{rt��vGr	bd�o�az»¸C�u�¢rtz��v�p���§art_ac���bK��zcuv�r�c.vo¬ozyt��v�bZcuvGr&¼ ª¥�È¬�cupuº
ª�z¦v��°��w�p®rtpuºMc.rt��µÂÁ´µ¯hH�q�qcu¨z¦va�;r{_ac½¬¢��ytz��w�pZ� ��bd�O��vacuvGrtpZ��§ir{_az}pZ§©wav�� r{z¦��v z¦puº)z¦v°��c.vacuyt��¨Òº	rtzbdc
�.��v�p{wabdz¦va�%��v��Ç�.��p®r{¨¦n�µK^&_�z¦pAbd�q�qc.¨¦zv���c �O��y®r�z}piv�cu� cEp{pt��ytn�§©��y�p®z¦bKw�¨¦��r{z¦��vÇ��way{�O��p{cupuº���vC�Ç��¨}p{�
§©��y)rt_acA���qrtzbdz¦³u�¢rtz��vV��§�r{_acA¬�cu_az¦�.¨cEp �G��cu��bdc rty{z}�.��¨���vC�Vbdcu��_���vaz}�.��¨O��_���y���� r{cuy{z}psrtz¦�up.µ�� bd�q�qcu¨O��§
−→
F e

�u��v%��¨}p®���Cc���§*w�p®cA§©��y¥�.��vGr{yt��¨Î�qcup{z¦��v���way{�O��p{cupuµ B��¢ª¥c.¬�c.yEº�rt_aci«ova�¢ª�¨¦cu�a��cg��§����aytcu� z}p{ci��vC�
ª¥c.¨¦¨·Òrtwavacu�Zbd�q�qc.¨Cb¶�ÈnKva��rM�Ccg��pM� ytzr{z}�.��¨¦¨¦nKz¦bZ�O��y{rt��vGr)��p	§©��y)p®z¦bKw�¨¦��r{z¦��v�µ	^�ª¥��� ¨}��ptp{z¦�u��¨qytcu��p{��vCp
��y{cArt_��¢r�z¾Á��dª¥c.¨¦¨»·Ä�qcup{z¦��vacE�¶§©c.cE�q������«�� ��vGr{yt��¨�z}p�c ¹q�Ocu�´rtcu��r{�¶��yt��vGr&yt����w�psrtvacuptp¥·[zv%r{_�c�p®cuv�p®c���§
�Oc.y{§©��ytb¶��v��.cgz¦v�p{c.v�p{z»rtz¬ozrsnG·�ª�µ yuµ ruµ	bd�q�qc.¨Îz¦v����u� way����.zcEp.ºo��vC�Vz¦z}Á)w�p{zva�Z��va·4¨¦zv�cgbdcu��p®waytc.bdcuv�r�p)��yuº
bd��y{c/y{cE��¨¦z¦p®r{z}�.��¨¨¦n�ºÈcup®r{z¦b¶�¢rtz��v�p���§ −→

F e
�C��p{cu����v��A� ytw��qc¥bZ�q�qcu¨Òº�zv�r{_ac&� ��vGr{yt��¨o�.��v��Cc&�aytc §©cuyt���a¨¦c

rt�½w�p®z¦va�T�½p{���a_az}p®r{z}�.�¢rtcu�;�awqrKv���vac.r{_acu¨cEp{p�z¦bd�Ccuy®§©cE�´r�§©wav�� r{z¦��v���¨Mbd�q�qc.¨M��§/rt_az}p�§©��y�� c�µ¶ÃÄv : <u��>4º
��vÇcEpsrtzb¶�¢rtz��vÇ��§ −→

F e
����p®cE�T��vÇr{_acdbdcu��p®w�y{cubZcuvGrA��§Mr{_acd¬�c._az}� ¨¦c$� pA¬�c.¨¦�q� zr{z¦cup���vC�Ç��_az��_;�G��z¦v

����p{c.yt¬�c.yYz}pM��y{���C�Gp®cE��µ�loz¦v��.c�r{_acuy{cgc ¹qz¦p®rtp/��¬¢��ytzc.rsnK��§�p{��¨¦wqrtz��v�p	r{��r{_az}pM�ayt����¨cub%ºGª¥c�_ac.v��.c §©��y®rt_
��p{p{wabdc&r{_C�¢r −→

F e
��vC�dz»r�pYr{z¦bdc ·Ä�qc.ytz¦¬È��r{z¦¬�c���y{c�bdcE��p{way{cE�d��v�� �¢��yYcEpsrtzb¶�¢rtcu�dª�zr{_V���o�o�¶���.�.wayt��� n�µ

�g¨»rt_a��w���_Zr{_ac���y{cEp®cuv�rY�����Ccuy	§©�q� w�p{cupY��vZ�.��vGr{yt��¨a��p®�Ocu� rtpY��¨bd��p®rYc ¹a� ¨¦w�p{z¬�c.¨¦n�º�ª¥c���ytc��Èª¥��y{c/r{_���ruº
§©��y	bd��vonK���a��¨z}�.��r{z¦��v�puº¢cup®r{z¦b¶�¢r{z¦��vZz}p{p{wacup�z¦vdy{cu¨¦��r{z¦��v�rt�Ar{_ac��qcEp®z¦��vd��v��Kw�p{c¥��§O���qcu|Gw���r{c�p®cuv�p{��y�p
��y{c�� ��bd�a¨cubdc.vGrt��y{n���v��%� ytz»rtz¦�u��¨¦¨nVz¦bd�C��y®r���vGruµ

�g�a�a¨¦nGz¦va�%r{_�c�§©w�v��a��bdcuv�r���¨	rt_ac.��y{cub ��§¥hTcu��_���vaz¦�up�¼Òe�cuª&r{��v � p�p{cu�.��v��Ç¨¦�ÈªgÁgzv;r{_�cd�.�o��y��qz»·
vC�¢r{cEp

x
nozcu¨¦�ap

mẍ = −TRe3 + Fe(ẋ, ẍ, R, ω, ω̇, t)
¼�<EÁ

ª�zr{_
Fe

rt_ac��.��bd�C��vac.vGr�p���§ −→
F e

z¦vÓr{_ac�zvacuy®rtz¦��¨M§©y���bdc�µT�¥n�c ¹q�aytcuptp®z¦va�½rt_ac��qnov���bdz¦�up�z¦v�r{_ac
�O�q�qnG·Ò¸�¹ocE�H§©y���bdc B º���vC�T�onHw�p{zva���Mwa¨¦c.y � pArt_ac.��y{cub ��§/��va��wa¨}��yAbd��bdc.vGrtwab½º���vacZ���qr���z¦v�pir{_ac
§©��¨¨¦�¢ª�z¦va��cE|Gw��¢rtz��v�p

(Σ) :















(Σ1) :





ẋ
mv̇

Ṙ



 =





Rv
−mS(ω)v − Te3 + RTFe(ẋ, ẍ, R, ω, ω̇, t)

RS(ω)





(Σ2) : Jω̇ = −S(ω)Jω + Γ + Γe(ẋ, ẍ, R, ω, ω̇, t)

¼Ò��Á

ª�_�c.ytc
Γ = (Γ1, Γ2, Γ3)

T z}pMrt_aci¬�cu� r{��y/��§�rt��y�|�w�cgz¦va�awqr�p/��v��
Γe

y{cu�ay{cEp®cuvGrtpYrt_acgc.¹or{c.ytv���¨�rt��y�|�w�c
z¦v��qwC� cu�;�on½r{_acdc.¹Grtc.ytv���¨�§©��yt�.cupuµ

Γe
z¦p�� �s�C��y���p{z»rtz¦� ��r{��y�|GwacZzv;r{_ac¶p{c.v�p{c�r{_���r�zr�z¦pAva��r�cu��p{z¦¨n

�.��vGr{yt��¨¦¨¦cu��µ��a��y�r{_�z¦pZytcu��p{��v�º�zrtpd�.��bd�C��vac.vGr�pKp{_a��wa¨}�²��rZ��¨¨/r{z¦bdcupZ�Cc%«�cu�qrZp{b¶��¨¦¨cuyKrt_���v²r{_ac
b¶��¹oz¦b¶��¨Î��bd�a¨¦z»rtw��qcEp)��§�r{_ac�� ��y{ytcup{�O��v��qz¦va���.��bd�C��vac.vGr�p)��§�r{_ac�� ��v�rty{��¨art��y�|�w�c

Γ
µY���u� ��y��qz¦va��¨¦n�º

bd�Gpsr)¬�c._az}� ¨¦cup)��ytc�p®_����CcE�¶p®��rt_��¢r)r{_aciy{cEp®wa¨rt��vGrYr{��y�|Gwac���§�c.¹Grtc.ytv���¨a§©��y�� cup)���´rtzv�����vdr{_�c�¬�cu_az¦�.¨c
z}p�p®b¶��¨¨�¼ ��r�¨cE��p®r���y{��wav��Hva��bdzv���¨Y� ��vC�qz»rtz��v�pA��§)���Ccuyt��r{z¦��vCÁ µKe���r{cZ_a�¢ª¥c.¬�cuy�rt_��¢r�r{_�z¦pArt��y�|�w�c
�u��v²��¨¦p{�Ç�Oc%w�p®cE�Ór{���ayt�¢¬oz¦�qcVr{_ac½¬�cu_az}� ¨¦c�ª�zr{_°�acup{zytcu����y{���Ccuy®rtzcEpKz¦vÅrt_ac%����p{c.v��.c���§g�.��vGr{yt��¨
���´rtz��v;¼©ª�_�c.v

Γ = 0
Á µM�a��y&z¦v�p®rt��vC� c�ºGrt_ac�ª/cE�¢r{_�c.y&_ac.¨¦b rtwavaz¦va����§��Zp{��z¨¦�O���¢r&z}p¥�azytcu� r{¨¦nVy{cu¨¦��r{cE�

rt�Krt_az}p�z¦ptp{wac�µY��vC��p{��z}p���¨}p{�Krt_ac��ay{���Ccuv�p{z»rsn¶��§����a¨¦��vacAr{�¶��¨¦z¦��v�zrtp&¨¦��v���zr{w��qz¦v���¨Î��¹qz¦p¥ª�zr{_%r{_ac
���a����y{cuv�r�ª�z¦v����qz¦ytcu�´rtz��vò¼ p®rt���a¨c�psr��¢r{c�¨��va��zr{w��azv���¨Mbd�q�qcEÁ º���y�rt�Ty{cE�qw��.cdr{_ac�y{��¨¨)��va��¨¦cV��vC�
b¶��zvGrt��zv½�Z_a��ytz¦³.��vGr���¨�psrtyt��z��_Gr/±�z¦��_GrK¼Ò�Zpt�¢§©c.rsn¶§©cu��r{waytcA§©��y��dvowab��Ccuy���§��.y{w�z¦p{c��a¨¦��vacup�Á´µ

��y�����z¦�%z¦v�p®�Ocu� r{z¦��vH��§*rt_acKp{nop®r{cub ¼4��Á&p{_a�¢ª�p&r{_C�¢r�r{_�cK�qnov���bdz}�.��¨�p®w���p®nqp®r{cub
(Σ2)

z}p�§©wa¨¦¨nG·
���´rtw��¢rtcu��µ �Y¹q�C��vac.vGr{z}��¨*� ��vo¬�c.yt��c.vC� cA��§	r{_ac���va��wa¨¦��y�¬�cu¨�q� zrsn

ω
r{����vonV�C��wav��qcE�H�qcup{z¦y{cE��ytc §©cuy®·

cuv�� c�¬¢��¨wac�z}p&rt_ac.v%r{_�c.��ytc rtz¦�u��¨¦¨n��C�Gp{p{z��¨c�cEp®�Ocu�.z¦��¨¨¦nVª�_acuv½r{_ac�c.¹Grtc.ytv���¨Î§©��yt�.cup����a�a¨¦n��¢r��O��z¦vGrtp
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2��� E

�.¨�Gp®c�r{��rt_acH� c.vGrtc.yd��§Abd��p{p
G

��v�� |Γe|
z}p¶p®b¶��¨¦¨���vC�°�u��v²�OcHvacu��¨¦cu�´rtcu��µ°ÃÄv r{_az}p¶�.��p®c�ºM��vac

b¶�Èn�¬Gz¦c.ª
ω

��p���vHzvGrtc.ytbZcE�qz}��ytn�� ��v�rty{��¨�z¦va�awqrEµ¥ÃÄvH��yt���´r{z}� c�ºart_az¦pi� ��y{ytcup{�C��v��ap¥rt�dr{_acK�.¨¦��p{p{z}�.��¨
�acu� ��wa�a¨¦cu�H�.��vGr{yt��¨���y���_az»rtcu� r{waytc��Cc.rsª/cuc.vTz¦vavacuyi��v��H��war{c.yi¨�o����p.µi^&_acKz¦vavacuyi� ��vGr{yt��¨�¨¦�o���H�ayt��·
¬oz}�qcupi_az¦��_T�G��z¦vTpsr����az¦¨¦z³E�¢r{z¦��vH��§Yr{_acZ¬�cu_az}� ¨¦c$� pg��v���wa¨}��yi¬�c.¨¦�q� zrsn��C��p{cu�½��v;�qzytcu� ribdcu��p®w�y{cubZcuvGr
��§&r{_ac���va��w�¨¦��y�¬�cu¨�q� zrsnT§©yt��bkr{_ac�ÃÄvac.y{r{z}��¨/hHcu��p®waytc.bdcuv�rKfgvazruµÇ^&_ac���wqrtc.yK�.��vGr{yt��¨M¨¦�o���Ów�p{cup
�O��p{c�bdcE��p{way{cubdc.vGr���¨¦��v��Tª�z»rt_Åcup®r{z¦b¶�¢rtz��vÅ��y�bZcE��p{waytc.bdc.vGr���§�r{_ac�¨z¦vacE��yZ¬�c.¨¦�q� zrsn���pKp{c.v�p{��y
z¦va�awartpuºO��v��%r{_acZ��va��wa¨}��y�¬�c.¨¦�o�.z»rsn½p{c rg�O��z¦vGrA��vC�%r{_aytw�p®rgzvGrtc.v�p{z»rsnH��p�� ��v�rty{��¨�z¦va�awqr�p.µg����yibZ�Gpsr
���a�a¨¦z¦�u�¢rtz��v�p.º�r{_acir{z¦bdc ·Äp{�u��¨¦cgp{c.����yt��r{z¦��vd�Cc.rsª/cuc.v¶rt_acirsª/��¨¦�o����p)z¦p¥p{wqÆV� z¦c.vGr)rt�Kc.vCp®waytc�rt_��¢r¥r{_ac
z¦vGr{cuyt���´r{z¦��vVr{c.ytb¶p��.��v��OcAz¦��v���ytcu�Vz¦vVrt_ac�� ��vGr{yt��¨Î�qcup{z��v�µY^&_ac.ytc §©��y{c�ºozv�r{_ac�p{cu|Gwac.¨�ª¥c�� ��vCp®z}�qc.y
T

��v��
ω

��p¥r{_�c�� ��vGrty{��¨Oz¦va�awartpuº���v��%ª¥cA§©�o�.w�p���v�rt_ac�� ��v�rty{��¨Î��§�r{_ac�p{wa��p{nop®r{cub
(Σ1)

µ

�
	�� � 	 	�����!��������	
^*�Kp{zbd�a¨¦z§©nZ�O��rt_dr{_acA� ��v�rty{��¨��qcEp®z¦��vV��v��Zr{_acA��ptp®�q�.z¦��r{cu�d��v���¨¦nqp®cEp.º�ª¥c�b¶��«�cgp{��bdcg��ptp{wabd�qr{z¦��v�p
�az¦pt� w�ptp{cu��_ac.ytcu��§¾r{c.yEµ

���u� ����*�
	 Ð���
Fe

!*�6������!F� ����
�� ��� � � � �����501)�
 ��� � 
 0��%�,(�� ����
 �8)'0�� �
ẋ

(���! � � �C0���!&�+� �'�%!*���/����0 � �
��(���01( ��
 �

t �
� ������� �F�'�	� 0��D0 � )�������0����������,
�� !�0 � �'�	�'����01( �'
2���

�
�
�
�
�

� � ���'� ��(���01( �'
2���	�$(���!C������,�5�%)'��01��� �

t 7−→ Fe(ẋ, t)
�
t 7−→ ∂Fe

∂ẋ (ẋ, t)
��(��%!

t 7−→ ∂Fe

∂t (ẋ, t)
(��	���,���5�%!&�,! �5�/0 ���� � 
����

�
�
�
�
� ẋ

0�� ),� � ��(&)'�
�'�'�1�

�
^&_�cgva��vq·[�ac.�Oc.v��qcuv�� ci��§ −→

F e
��vdrt_acA¬�c._�z¦�.¨c � p/�¢r®rtz»rtw��qcAz¦p/�a_onqp®z}�.��¨¨¦ni�sw�psrtz»¸Ccu�Vª�_�c.v¶rt_acA��c.yt�q�qnG·

vC��bdz¦��¼ ��v�� �È��y/_onq�qyt�q�qnov���bdz}�uÁ	§©��yt�.cup¥�q�Kv���r��qc.�Oc.v�����vVr{_ac�¬�cu_az}� ¨¦c$� p)��y{z¦c.vGrt��r{z¦��v�ºo����y{���Ccuy®rsn
ª�_�z¦��_½�qc.�Oc.vC�ap&cuptp®cuvGr{z}��¨¦¨n¶��v�rt_ac�¬�cu_az¦�.¨c � p&p{_����Oc�µY^&_az}p���ptp{wabd�qr{z¦��v%z¦p��.¨cE��yt¨n¶¬oz¦��¨}�¢rtcu�Vz¦v%r{_ac
�u��p{cV��§g��zyt�a¨}��vacEp�ª�_az}��_°��y{c�p®wa�a�scu�´rtcu�Órt�;¨¦z§¾r�§©��yt�.cup�ª�_���p{c�z¦v�rtc.v�p{zr{z¦cupZ��ytcV¬�cuy{nÓp®cuv�p{z»rtz¬�cVr{�
��z»r���_T��va��¨cEp.ºa��wqrgzrg�Cc.r®rtc.yA_a��¨}�ap�z¦v½r{_ac��.��p{c���§Y¿A^g�AÀÓ¬�c._�z¦�.¨cEp.ºO��p�c.¹q��bd�a¨z¸�cE�½�Gn�r{_ac���Bg�¢¬�·
cuy �)n�c �g��§*�¥c.y{r{z¦v�^*cu��_ava��¨����z¦cup �Ay{��wa��µY�gp/§©��y¥rt_aciv���vq·Ä�qc.�Oc.vC�qc.v��.ciw��C��vVr{_�c���va��w�¨¦��y)¬�cu¨�q�.z»rsn
ω
º	rt_ac½��ptp®wabd�qrtz��v²z}pK�Oc r{r{cuyi�swCpsrtz»¸�cE�²ª�_�c.v²z¾Á�r{_ac%c ¹or{cuy{vC��¨/§©��y�� cupZ�����a¨n���rZ�O��z¦vGrtpZ� ¨¦��p{cVr{�

rt_acK¬�c._az}� ¨¦c$� pg�.c.vGr{cuyg��§Mbd��p{puº�z¦z¾Á�bd��rtz��vHy{cE��� r{z¦��v½§©��y�� cEp�ytcup{wa¨»rtzv��V§©yt��b r{_ac�¬�c._�z¦�.¨c � pgy{��rt�¢rtz��v
�u��v��Cc¶v�c.��¨¦cu� r{cE�;ª�_�c.v�� ��bZ�C��ytcu�Hrt�½r{_a�Gp®cd�ayt�q�qw��.cu���onHr{y���v�p{¨}�¢r{z¦��vC��¨	bd��r{z¦��v�µV�*z¦v���¨¨¦n�º*r{_ac
v���vq·Ä�qc.�Oc.vC�qc.v��.cK��vHr{_acd���u� cu¨cuyt��r{z¦��v½¬¢��ytz¦���a¨cEp

ẍ
��v��

ω̇
z¦p)�sw�p®r{z¸�cu�Çª�_ac.v����a�qcE�o·[bd��p{pgc �Îcu� rtp

�u��vH�Oc�vacu��¨¦cu�´rtcu��µ�^&_�cup{c�c �Îcu� rtpuº�ª�_az}��_Ç�qcu�Ccuv��½cuptp®cuvGr{z}��¨¦¨n%��v½rt_acK��b��az¦c.vGr�±�waz}�T��_���yt���´rtc.ytz¦p®·
rtz¦�up.ºa�u��v%�Cc�z¦��va��y{cE�Vª�_acuv�rt_ac��qc.vCp®zrsnV��§*r{_ac��O�q�qnVz}p&bKw���_%bd��ytciz¦bd�C��y®r���vGr/rt_���v�r{_C�¢r���§*r{_ac
cuvo¬Gz¦yt��vabdc.vGrEµ�^&_ac�c.¹q��bd�a¨cA��§	���ac.v�p{cAp{�a_acuy{z}�.��¨Î�C�q�qnVª�_���p{cA�.c.vGr{cuy&�.��z¦v�� z}�qcEp/ª�zr{_%zrtp�� cuvGr{c.y
��§*b¶��ptp&�.��v��Oc�w�p®cE�Vrt�Z�.��v��.y{c.r{z¦³.c��Z�a_onop{z}�.��¨�p{z»rtw��¢rtz��v�§©��y&ª�_az¦��_½�gptp{wabd�qr{z¦��v <i_���¨}�ap&ª�z»rt_%�
���o�o�%�����ay{�È¹qz¦b¶�¢r{z¦��v�µ

^&_ac)§©��¨¦¨�¢ª�z¦va�&rsª¥�g� ��bd�a¨cubdc.vGrt��y{nA��ptp®wabd�qrtz��v�p���y{cYb�w���_�¨¦cuptp�ytcup®r{ytz¦� r{z¦¬�cYrt_���v�rt_ac)�aytc.¬oz¦��w�p
��vac�µ Bg�¢ª/cu¬�cuyuº	rt_ac.n²��y{c�¬�cuy{nÓz¦bZ�O��y{rt��vGr�§©��y�rt_ac½� ��vGrty{��¨¥�qcEp®z¦��v ��v��°��v���¨nqp{cup��aytcup{c.vGr{cE�Åz¦v
lqcu�´rtz��v��Cµ

���u� ����*�
	 Ð���� ��� �'�	� ���*0 ���;���;� ����(�
 ����� �,���,�
c1 ≥ 0, c2 > 0

����),� � � (��

|Fe(ẋ, t)| ≤ c1 + c2|ẋ|2 , ∀(ẋ, t) ∈ R
2 × R

¼Ò��Á
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<E� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

���u� ����*�
	 Ð���� ��� �'�	� ���*0 ���;���;� ����(�
 ����� �,���,�
c3 ≥ 0, c4 > 0

����),� � � (��

ẋTFe(ẋ, t) ≤ c3|ẋ| − c4|ẋ|3 , ∀(ẋ, t) ∈ R
2 × R

¼ �GÁ
�ip{p{wabd�qrtz��vÇ�Zzv��az¦�u�¢r{cEp�rt_��¢r�rt_ac�z¦vGr{c.vCp®zrsn���§ −→

F e
�.��vava��rg��yt�¢ªò§ ��psrtc.y�rt_���v½rt_acKpt|�wC��ytc���§	r{_ac

z¦vGr{cuv�p®zrsn ��§�r{_acÇ¬�c._�z¦�.¨c � p�¬�c.¨¦�q� zrsn²¬�cu�´rt��yEµR^&_�z¦p�z¦p�� ��vCp®z}psrtc.vGrVª�zr{_ ��¨¨A� ��bdbd��v¯bd�q�qc.¨}pV��§
��c.yt�q�qnov���bdz}����v��T_Gnq�qyt�q�qnov���bdz}���qy����Ç¼Ò��v��T¨z§¾r�Á�§©��y�� cEp.µA^&_acZ�.��v�p®rt��vGr

c1
��¨¦¨�¢ª�pg��vacKr{�Vr���«�c

rt_acV§©��yt�.c���§���y��È¬GzrsnÇz¦vGr{�����.�.��wavGrEº�ª�_�c.vÅzrZz}pZ���´rtz¬�c�ºY��p�ª¥c.¨¦¨¥��p�r{_�c%���´r{z¦��v���§g�Oc.y{r{wayt���¢rtz��v
§©��yt�.cupK�ay{�q�qwC� cu�Ó�onÓª�z¦v�����yZp®cE�¢·Ä� waytytc.vGruµH�gpK§©��yd�gptp{wabd�qr{z¦��v²�aºYz»rZcuptp®cuv�rtz¦��¨¨¦nÓ���.�.��wavGr�p�§©��y
rt_ac �{�qz}p{p{z¦���¢rtz¬ozrsn �´º���y �®����ptp{z¬ozrsn �´º���y{���Ccuy®rsnd��ptp®�q�.z¦��r{cu�dª�zr{_��qyt����§©��y�� cEp.µ�ÃÄvV����y®rtz¦�.wa¨}��yEº�zr¥pt�Ènop
rt_��¢r	§©��y�¨}��yt��c¥¬�cu¨�q�.z»rtzcEp.ºÈrt_ac�vac.�G�¢rtz¬�c/ª¥��yt«���§O�ayt���g§©��yt�.cup�zvC� ytcu��p{cup*¨¦z«�c/rt_ac�� wa�Oc���§Cr{_ac&�O�q�qn � p
���a����y{cuv�r&¬�cu¨�q�.z»rsn���v����CcE� ��bdcEp&�ay{cE�q��bdz¦v���vGrEµ

��z¦v���¨¦¨n�ºqr{�¶�È¬���z}�¶va��va·4cEp{p{c.vGr{z}��¨��.��bd�a¨¦z¦�u�¢r{z¦��vCp/z¦v�r{_ac���v���¨¦nqp®cEp.ºq�Z¨¦��psr���ptp{wabd�qr{z¦��v%z¦p&b¶���qc&7
zr�z}p�� ¨¦cu��yt¨¦nV¨zr®rt¨c�ytcup®r{ytz}�´r{z¦¬�ci§©yt��bÉ��v½���a�a¨¦z¦�u�¢rtz��v�¬ozcuª��C��zvGrEµ
���u� ����*�
	 Ð���� ��� � ���1��'�	�'�%),���F�'
2�?)�0�� � −→v r

0 � �,���5��!&�,! 0�� �%��� � � � (.),�������6(����
v̄r

� (���! 0����
�;�,��� (���! �'�,),���%! ���	!*��� ��0 � ����!*����0���(���0��F��� d

dt
−→v r

(���! d2

dt2
−→v r

(��	� �;��
�
 ��!&�����%�,! (��%! �,���5�%!*�,!
�

� � 'K��- (¥�É���²�*�%�û(/�������	��
Å!%����- ���

fip®z¦va�¶�gptp{wabd�qr{z¦��v.<�ºqrt_ac�p{wa��p{nop®r{cub
(Σ1)

��§Ylonqpsrtc.b ¼Ò��Á&�u��v%�Cc�ytc.ª�ytzr®r{cuv%��p






ẋ = Rv
v̇ = −S(ω)v − ue3 + RT γe(ẋ, t)

Ṙ = RS(ω)

¼Ò��Á

ª�zr{_
γe(ẋ, t) := Fe(ẋ, t)/m

�.��¨¨¦cu�;rt_ac �{���a�C��ytc.vGr����.�.c.¨¦c.y��¢rtz��v ��º*��v��
u := T/m

��v��
ω

w�p{cu�
_�c.ytcu�¢§¾rtc.y���p¥rt_ac�� ��vGr{yt��¨Îzv��awqrtpuµ

^&_az}p�p{cu� r{z¦��v%z¦p��qcu¬���r{cu��r{�Zrt_ac�psr����az¦¨¦z³E�¢r{z¦��v%��§	c.zr{_�c.y&r{_�c�¬�c._�z¦�.¨c � p/r{_�y{w�p®rg�qz¦y{cE�´rtz��v�ºq��y�zrtp
¨¦z¦vacu��y)¬�cu¨�q�.z»rsn�º���y)zrtp¥�C�Gp®zr{z¦��v�µ	^&_�ci��v���wa¨}��yM¬�c.¨¦�q� zrsn

ω3
���C��wqr)rt_ac�rt_ay{wCpsr��¢¹qz}pMz}p)va��r/z¦vo¬���¨¦¬�cE�

z¦vÅrt_ac%y{cE��¨¦z³E�¢r{z¦��v²��§�r{_�cup{c%�.��vGr{yt��¨¥���q�scE�´rtz¬�cupuºMp®�Çr{_���r�rt_az¦pd�qcu��ytc.c���§�§©ytc.cE�q��b �.��v²�Oc�wCp®cE�
§©��y�� ��bd�a¨¦c.bdcuv�r���ytnd���q�scE�´r{z¦¬�cEp&��v��%�qc ¸Cvacu�%�.��p®c.·4�onG·[�u��p{c��qc.�Oc.vC�qzv��Z��v�rt_ac�� ��v�p®z}�qcuy{cE�¶¬�cu_az¦�.¨c
��v��½���a��¨z}�.��r{z¦��v�µ � ����01����0 ºOr{_�c.ytc���ytc�zvq¸Cvaz»rtc.¨¦n�b¶��vGn%�O��ptp®z¦�az¦¨zr{z¦cup���r�r{_�z¦pg¨cu¬�c.¨4ºCp®rt��y®rtzv��Zª�zr{_
rt_ac�p{z¦bZ��¨cEpsr���_a��z}� c

ω3 = 0
µgÃÄv#: ���?>�¼©������cup <u�G� �%<E���GÁMrt_az}pg¬¢��ytz}���a¨¦c�z}pg�qc.r{c.ytbdzv�cu�Hz¦vÇ��yt�qcuy�r{�

r���«�cZ���q¬¢��vGrt����cZ��§/¨¦z§¾r�§©��y�� cup���p{p{�q� z}�¢rtcu�Tª�zr{_Ó��vÓ��p{nobdbZc.r{ytz¦�Z¿A^g�AÀ°¬�c._az}� ¨¦c�µZÃÄv�r{_ac¶p{cu|Gwacu¨Òº
rt�Åp®z¦bd�a¨¦z»§©n²r{_acT�.��vGr{yt��¨��qcEp®z¦��v¯��vC�²rt_acT��ptp{�o�.z¦��r{cE�²��vC��¨¦nop{cupuº)ª¥cd�sw�p®r���ptp®w�bZc%rt_��¢r

ω3(t)
z}p

ª¥c.¨¦¨·[�qc.¸�vacE����r���von¶r{z¦bdc���v��%�O��wav��acu��µ

�
	�� �
	�� ��	 � �!�� ��� ����� ��� ��� ����� �
À�c r

γ ∈ R
3 �qcuva��rtc��Hwavazr�¬�cu� r{��y�¼ |γ| = 1

Á���ptp®�q�.z¦��r{cu��ª�zr{_�rt_ac��qcEp®z¦ytcu��¼©�O��ptp{z�a¨¦n�¬È��y{noz¦va�GÁ
rt_aytw�psrM�qz¦ytcu�´rtz��v���v��Kc.¹q�ay{cEp{p{cu��zv�r{_ac�z¦vacuy®rtz¦��¨�§©y���bdc I µ	ÃÄv���yt���´r{z}� c�ºÈr{_az}pY�qcEp®z¦y{cE�K�qz¦ytcu�´rtz��v�b¶�Èn
�.��yty{cEp®�O��vC�%r{��r{_acZ��vacdp{�CcE� z¸�cu�Ç�GnH��b¶��vow���¨C�s�¢nqpsrtz¦��«Îµ�^&_acZ���q�scE�´rtz¬�cKz}pgrt_acdpsr����az¦¨z¦³u��r{z¦��vT��§

ë©ì�í�ë¾î
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���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� <*<

rt_ac�¬�cu_az}� ¨¦c$� p)rt_aytw�psrg�azytcu� r{z¦��v½���O��wqr&r{_�c�y{c.§©c.ytc.v��.cA¬�cu� r{��y
γ

��yuºqcE|�waz¦¬¢��¨¦c.vGr{¨¦n�ºort_ac�p®rt����z¨¦z³E�¢rtz��v
��§

RT γ
���O��wqr

e3
µ

 ic ¸�v�c
γ̄ := RT γ

¼ ��Á
��v���¨c.r

θ̃ ∈ (−π; π]
�qc.v���r{cArt_ac���va��¨cA�Oc rsª¥c.c.v�r{_�c�rsª/�Zwavazr�¬�cE�´r{��ytp

e3
��vC�

γ̄
ºCp®��r{_���r

cos θ̃ =
γ̄3

º�rt_acVrt_azy���� ��bd�C��vac.vGrK��§
γ̄
µT^&_ac��.��vGr{yt��¨M���q�scu� r{z¦¬�cVz}pK��¨¦p{�Hcu|Gwaz¦¬¢��¨¦c.vGr�rt�Hr{_ac%��p{nobZ�ar{��rtz¦�

p®rt���az¦¨z¦³u��r{z¦��v½��§
θ̃ = 0

µ&�&��p{cu�%��v½rt_acK���C�¢¬�cAv���rt��r{z¦��v�º�r{_ac�¸�ytp®ri�.��vGr{yt��¨�ytcup{wa¨rg��§	r{_�z¦pg�����Oc.y�z}p
p®rt��r{cE��vac.¹oruµ

�   Ð � Ð � 	 � 	 Ð�� �� �'� � !&�'�%���+� ( ������01)'��
��C� ����0���0���� )���� ���+(���� � (���!�(,�&�%
���� � � ),�������	��
 
 ( �















ω1 = − kγ̄2

(1 + γ̄3)2
− γTS(Re1)γ̇

ω2 =
kγ̄1

(1 + γ̄3)2
− γTS(Re2)γ̇

¼�=�Á

�+� ����� � �F���+� �
Ṙ = RS(ω) �

������� � � � �����50�
 0 ����0���� ����0��/�
θ̃ = 0

�  ����� �	���,�5
 ��0���� )'
2�����,!��+
2�8�,�
� �F���+� � 0 � � ��� ���%�'����01(�
�
�� �,�+( �'
2� � 0���� !&� � (�0��.�� (�������(&)'��01��� ������(�
 �+�

(−π, π) �
^&_�c��ayt�G��§���§*rt_az}p��ayt���O��p{z»rtz��v½z¦p���z¬�c.v½z¦vT���a�Oc.v��az»¹T��µ <�µ¥ÃÄvHª�_���r�§©��¨¦¨�¢ª�puºqª¥cKp®_��¢ª2_a�¢ª2r{_�z¦p
�.��vGr{yt��¨¦¨¦c.y&�.��v½�Oc�c ¹or{cuv��qcE�Vrt�dr{_ac�¨¦zv�cu��y�¬�c.¨¦�q� zrsnV��v��%�O��p{z»rtz��v%�.��vGr{yt��¨Î�ayt���a¨¦c.b¶puµ

�
	 � ������� � � � � � � ������� �
À�c r

ẋr
�qcuva��rtc�r{_acgy{c.§©c.ytc.v��.c�¬�c.¨¦�q� zrsn�c.¹q�ay{cEp{p{cu��z¦v¶r{_acgzvacuy®rtz¦��¨q§©y���bdc I º

ẍr
rt_ac�rtzbdc.·[�qcuy{z¦¬¢�¢rtz¬�c

��§
ẋr

º	��vC�
ṽ := RT (ẋ − ẋr)

rt_acV¬�cu¨�q�.z»rsn;c.yty{��y�r{c.ytbkc.¹q�ay{cEp{p{cu��z¦vÓr{_ac��C�q�qnG·4¸a¹qcu�;§©yt��bdc B µ
ÃÄvCpsrtcu���d��§��qc ¸Cvazv��

γ
��p/��y{c.§©c.ytc.v��.c�wavazr/¬�cu�´rt��y¥��pMz¦v¶r{_�ci�aytc.¬oz¦��w�p)p®wa�Cp®cE�´r{z¦��v�º�ª¥cgva�¢ª��qc.¸�vac

γ(ẋ, t) := γe(ẋ, t) − ẍr(t)
¼Ò��Á

�iv�cirt_ac.v½���qrt��zv�p¥rt_ac�§©��¨¦¨¦�¢ª�zva�Zc.ytyt��y&bd�o�ac.¨

˙̃x = Rṽ
¼�E���Á

˙̃v = −S(ω)ṽ − ue3 + RT γ(ẋ, t)
¼�E��CÁ

Ṙ = RS(ω)
¼�E��uÁ

ª�zr{_;c.zr{_acuy
x̃ :=

∫ t

0
(ẋ(s) − ẋr(s)) ds

º�rt_acZzvGr{cu��y���¨*��§Mrt_ac�¬�c.¨¦�q� zrsn%cuy{yt��yEºO��y
x̃ := x − xr

ºÎr{_ac
�O��p{zr{z¦��v�r{y�����«ozv���cuy{yt��y&ª�_acuv%�dytc §©cuy{cuv�� cir{y��¢�scE�´r{��y{n

xr
z¦p�p{�Ocu� z¸�cE��µ

^&_ac½�ayt����¨cub ��§A��p®nobd�qr{��r{z}��p®rt���az¨¦z¦³u�¢rtz��v²��§�r{_ac½¨¦zv�cu��yZ¬�cu¨�q�.z»rsnÓc.ytyt��y
ẋ − ẋr

r{��³.cuy{�;z¦p
�.¨cE��yt¨n¶cE|Gwaz¬¢��¨cuv�r¥r{�Zrt_ac���p{nobZ�ar{��rtz¦�Ap®rt����z¨¦z³E�¢rtz��v���§

ṽ
r{�d³.cuy{�Cµ �)|Gw��¢rtz��v�¼�E���Á¥z¦v��qz}�.��r{cup¥rt_��¢r

ṽ ≡ 0
zbd�a¨¦zcEp&r{_C�¢r

−ue3 + RT γ(ẋ, t) = 0
¼ <E��Á

í*í Ö�G�õ�ñ�H
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<È� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

�ip�¨¦��va����p
γ(ẋ, t)

z¦p*�qz �Ocuy{cuv�r�§©y{��b ³.cuy{�Cºuzr�z}p��O��ptp®z¦�a¨¦c	r{�g�ac ¸�vac/�&¨�q�.��¨¨¦nAwavaz}|�w�cYr{_aytw�p®r��qz¦y{cE�´r{z¦��v
p{��¨¦wqrtz��v½r{�Vrt_ac����C�¢¬�c�cu|Gw���r{z¦��v�µ Bg�¢ª/cu¬�cuyuºqrt_az}pip{��¨¦wqr{z¦��v;�.��vHv���ri�OcK��y{��¨��va��cE���onH� ��vGr{z¦vGw�z»rsn
��r

γ = 0
µ��gp��Vb¶��r®r{cuyi��§M§ ��� ruºÎ��v�c��.��vT¬�cuy{z§©n%r{_���rirt_az}pAp{z¦va��wa¨}��ytzrsn%�.��yty{cEp®�O��v���p&r{��r{_acd�.��p®c

ª�_�c.v%r{_acK¨z¦vacu��y{z¦³u��r{z¦��v%��§)lonqp®r{c.b ¼1E��CÁ ��¼1E��.Á��¢rg��von�cu|Gwaz¦¨¦z�aytz¦wabÉ�O��z¦vGr
(ṽ, R) = (0, R∗)

z}p�va��r
�.��vGr{yt��¨¦¨}���a¨¦c�µ�¿Ycuy{nHp{�CcE� z¸C��¼Ò��v��Tp®r{z¦¨¦¨*�ayt��p{�Ocu�´rtz¬�cEÁ�va��va¨¦z¦vacu��yi� ��vGr{yt��¨�rtcu��_avaz}|GwacupA��ytc�ytcu|Gwaz¦y{cE�
rt�����a�qytcuptpdpsr����az¦¨¦z³E�¢r{z¦��v°z¦ptp{wacupdz¦v r{_az}p¶�.��p®c�¼ p{c.c½c�µ �Cµ : <8E�>¾Á µ¯^&_�cup{c�rtcu��_av�z¦|GwacEp¶��ytc�va��r¶r{_ac
p{wa�q�scE�´r���§¥rt_acV�aytcup{c.vGr������Ccuy��Ocu�.��w�p{cdr{_acV¬¢��vaz¦p{_az¦va�H��§

γ
�a�GcEp�va��rZ� ��ytytcup{�C��v��Hrt�Ç�½��cuvac.ytz¦�

p{zr{w���r{z¦��vV§©��y��K¨}��yt��cA� ¨}��ptp)��§*wav��ac.y����´rtw��¢rtcu�¶bdcE��_���vaz}�.��¨�p®nqp®r{c.b¶p�¼¾rt_a��p{ci§©��y&ª�_az}��_
γe(ẋr(t), t)z}p/va��bdz¦v���¨¦¨nV�az �Îc.ytc.vGr)§©yt��b ³uc.yt�GÁ µ  �cicEp{p{c.vGrtz¦��¨¨¦n¶�qz¦pt�.��yt�¶r{_az}p&�qz»ÆV�.wa¨»r��.��p®ci_ac.ytcg�onV��p{p{wabdzv��

rt_��¢r

���u� ����*�
	 Ð���� ��� �'�	� ���*0 �����
δ > 0

����),� � � (��������� (�
�

(ẋ, t)

� |γ(ẋ, t)| ≥ δ �
�g¨»rt_a��w���_�r{_az}p���p{p{wabd�qr{z¦��vÓz}p�ytcup®r{ytz¦� r{z¦¬�c�º�z»r�p{z¦bZ��¨z¸�cup�r{_acVc.¹q�C�Gp®zr{z¦��v���§��%����p{z}�¶��v�����cuvac.ytz}�
�.��vGr{yt��¨��qcup{z¦��v�µAÃÄv;locE�´r{z¦��vÇ��ºÎ_a�¢ª¥c.¬�cuyuºCª/c�ª�z¨¦¨	ª/cE��«�c.v½r{_�z¦pA��ptp®w�bZ�ar{z¦��vÇ��v��H�ayt���O��p{cK��v����o·
_��o�g���a���qrt��r{z¦��v¶��§Îrt_aci�.��vGr{yt��¨��acup{z��v¶zvV��yt�ac.yYrt�Kc.vCp®waytc�rt_acgª¥c.¨¦¨»·[�O��p{cu�qvacEp{pM��§Îr{_acA� ��v�rty{��¨¨¦c.y � p
c.¹q�ay{cEp{p{z¦��v���v��Vb¶��z¦vGrt��zv%�Kbdz¦vazb¶��¨�� ��vGrty{��¨C��§�r{_�cA¬�c._az}� ¨¦cAª�_ac.v |γ| ��c r�p&� ¨¦��p{cgrt��³uc.yt��µ� �_ac.v
�O��rt_H�gptp®wabd�qrtz��v½�d��v���y{cu¨¦��r{z¦��vÓ¼ <u��Á¥_a��¨}��ºqw�p{zv��Ç¼ ��Á¥��vac��qcE�qw�� cEp¥r{_���r

γ̄ = ±|γ|e3.

À�c r
θ̃ ∈ (−π; π]

�qc.va��r{c&rt_acg��v���¨¦c¥�Oc rsª¥c.cuvZr{_ac&rsª¥��wavazr)¬�cE�´r{��ytp
e3

��v�� γ̄
|γ|

ºGp®��rt_��¢r
cos θ̃ = γ̄3

|γ|
µ

^&_�cZ�.��vGr{yt��¨*���q�scE�´r{z¦¬�c�zbd�a¨¦z¦cupir{_���rAcuz»rt_ac.y
θ̃ = 0

¼©z4µ c�µ
γ̄ = |γ|e3

Á���y
θ̃ = π

¼©z4µ c�µ
γ̄ = −|γ|e3

Á
b�w�p®r��OcV��p{nobd�qr{��r{z}�.��¨¦¨¦nTpsr����az¦¨z¦³.cE��µ¶^&_acV��_a��z¦�.c��Oc rsª¥c.cuv;rt_acup{cZrsª/�½cE|�w�z¨¦z��y{z}��z}p���§¾r{c.v�b¶���qc
¬oz}�Hp®z¦bd�a¨¦c¶�a_onop{z}�.��¨/� ��vCp®z}�qc.y��¢rtz��v�p�p®wC��_Ó��p�bdzv�zbdz¦³.z¦va�½r{_ac�c.vacuy{��nÇ� ��v�p®w�bZ�ar{z¦��vÓzv�ytc.¨}�¢rtz��v
rt�Ç��� r{w���r{��y�� p�c ÆV� z¦c.vC� nÓ��v��Ó¬�c._az}� ¨¦c$� p�p{_����Oc�º	��yK�Gn;rt��«ozva�Hz¦vGr{�Ç���.�.��wavGr�r{_�c�wavaz¦¨}�¢r{cuyt��¨zrsnÇ��§
rt_acZr{_aytw�p®r��azytcu� r{z¦��vÓ��pAzvÇr{_ac¶�u��p{c���§/bd��p®rA¿A^g�AÀ²¬�c._az}� ¨¦cupuµ  �zr{_���wqr�¨¦��ptpi��§)��cuvac.y���¨¦zrsn�ºÎª/c
_�c.v��.c §©��y{r{_½��ptp{wabdcirt_��¢r�rt_ac���_a��z¦�.ci_���p&�Ccuc.v½b¶���qc�rt�¶psr����az¦¨z¦³.c

θ̃ = 0
µ

�&��p{cu�d��vdr{_aci���O�¢¬�c�va��rt�¢rtz��v�º�r{_acgp{cu�.��v��¶�.��vGr{yt��¨�y{cEp®wa¨r)��§Ort_az}pM�����Ccuy)z}p)p®rt�¢rtcu�¶z¦vdr{_�cgvac.¹Gr
��y{���C�Gp®zr{z¦��v�µ

�   Ð � Ð � 	 � 	 Ð�� � � �'�
k1

�
k2

�
k3

!*�������+� ������01)���
��C���F��0���0��F� ),�����,�+(��/�1�	�;(���!�(,�&�%
���� � � )��������	��
D
 ( �



























u = γ̄3 + |γ|k1ṽ3

ω1 = −|γ|k2ṽ2 −
k3|γ|γ̄2

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re1)γ̇

ω2 = |γ|k2ṽ1 +
k3|γ|γ̄1

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re2)γ̇

¼�<&<EÁ

�+� � �F���+� � ¼1EGÁ
�
�/�?�&���F�'� ����(�� � ������� �%��01������� ��� �;(��%!���(��	� ��(���0 � � ��!

�
������� ������ �����C��� ��� �F���+� �

¼�E��CÁ	��¼�E��uÁ � ����� �����50�
 0 �'��0���� ����0��/�
(ṽ, θ̃) = (0, 0)

�  � � � )'
2�F�'�,!��+
2�?��� � �F���+� � 0 � (F� ��� �%�+����01)�(�
�
��
���+( �'
2� � 0���� !&��� (�0�� �  (������	(*)���01���.������(�
 �6�

R
3 × (−π, π) �
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���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� <E�

^&_�c)�ayt�o��§q��§qrt_az¦p*�ayt���O��p{z»rtz��v�z¦p*��z¦¬�cuv�zvZ���a�Oc.vC�qz»¹��Kµ �aµ*Ã[r�z¦p*����p{cu����v�r{_�c)w�p{c)��§qr{_ac¥�.��vC�qz¦���¢r{c
À�n����awava�¢¬d§©wavC�´r{z¦��v

V =
1

2
ṽT ṽ +

1

k2

(

1 − γ̄3

|γ|

)

=
1

2
ṽT ṽ +

1

k2
(1 − cos θ̃)

¼ <È��Á

ª�_���p{c&r{z¦bZc.·[�ac.ytz¬¢�¢rtz¬�c�z}p)p{_a�¢ª�vZr{���Ocgvacu����r{z¦¬�c�p{c.bdz»·Ä�qc.¸�vazr{cg��¨��va����vondp®��¨wqrtz��vd��§Îr{_acA� ¨¦��p{cu�o·
¨¦�o���½p®nqp®r{cub%µ

�
	�� ������� � � � � � � ������� ��� ����	 � ����� � ��� � ��� � 
����y�rt_ac�p®rt���az¦¨zrsn���v��H� ��vG¬�c.yt��cuv�� c���vC��¨¦nop{z}p���§	r{_�cK� ��v�rty{��¨)¼ <*<uÁ´ºOzriz}p�z¦bZ��¨z}� zr{¨¦n%��p{p{wabdcu�%rt_��¢r
γ(ẋ, t) = γe(ẋ, t) − ẍr(t)

z}p��Ccuy®§©cE�´r{¨¦nH«ova�¢ª�v�µ�ÃÄv��ay���� r{z}� cK_��¢ª/cu¬�c.yEº��qwacZzv�����y®rtz¦�.wa¨¦��ygrt�%r{_ac
�az»ÆV� w�¨»rsn���§����qr���z¦vaz¦va�g�aytcu�.z¦p{c¥bZcE��p{waytcup���y	cup®r{z¦bd��r{cEp���§

Fe
º¢r{_ac&��������ytc.vGr����.�.c.¨¦c.y��¢r{z¦��v

γe
z}p�va��r

«ova�¢ª�vZc ¹a���´r{¨¦n�µ	e���yMz}p
γ

r{_�c.ytc §©��ytc�µ*Ã[rMz¦p)ª/cu¨¨·[«Gv��¢ª�v�§©y{��b rt_acg� ��vGr{yt��¨or{_�c.��ytn���§O¨¦zv�cu��yMp{nqpsrtc.b¶p
rt_��¢r¥r{_�ciz¦v�� ��y{�O��y��¢rtz��v¶��§�z¦vGr{cu��y���¨Î� ��ytytcu�´rtz��vdr{cuy{b¶p¥zv�r{_ac�� ��vGr{yt��¨Î�qcup{z��v��.��v��.��bd�Ccuv�pt�¢r{cg§©��y
���a�qzr{z¦¬�c��Ccuy®rtway{�C�¢r{z¦��vCp�ª�_az}��_�ºÎzvÇr{_acZ�aytcup{c.vGri�u��p{c�ºÎb¶�Èn�r���«�cKr{_ac�§©��ytb ��§)��� ��vCpsr���vGri�az}��piz¦v
rt_ac�bdcu��p{waytc.bdc.vGr�¼©��y&cEpsrtzb¶�¢rtz��vCÁ/��§

γe
µY^&_ac����a�scu�´rtz¬�ci��§�r{_�z¦p�p{wa��p{cu� r{z¦��v�z}p¥r{�dp{_a�¢ª�r{_C�¢r&r{_ac

�.��vGr{yt��¨	¼ <*<EÁ¥�.��v��Oc�bd�o�az»¸�cE�%zv%��y��qc.y/r{�¶p®r{z¦¨¨�c.v�p{waytcgrt_ac�� ��vo¬�c.yt��c.vC� cg��§
ẋ − ẋr

r{�d³.cuy{�Zª�_acuv
p{w���_½�Z�az¦��p&z¦p��ay{cEp®cuvGruµY^��Zrt_az¦p��awayt�C�Gp®c�ºq¨c.r�w�p&zvGrty{�q�qw��.cAr{_ac�§©��¨¨¦�¢ª�zv��Zz¦vGr{cu��y���¨Or{cuy{b

Iv(t) :=

∫ t

0

(ẋ(s) − ẋr(s)) ds + I0
¼�<u��Á

ª�_�c.ytc
I0

z}pK��vÅ��yt�azr{y���ytnÇ� ��v�psr���vGruµH�g¨¦p{��º�¨c.r
h

�qc.va��r{c��Çp®bd�o��rt_��C��wav��qcE��psrty{z}�´rt¨n��C�Gp®zr{z¦¬�c
§©w�v��´rtz��v½�ac ¸�vacE�%��v

[0, +∞)
p{w���_�rt_��¢rEºq§©��y�p{��bdc��O��p{z»rtz¬�c��.��v�p®rt��vGrtp

η, β
º

∀s > 0, h(s2)s < η
¼ <u�GÁ

∀s ∈ R, 0 <
∂

∂s
(h(s2)s) < β

¼ <È��Á
�gv;c.¹a��bd�a¨¦cK��§&p®wC��_Ç�V§©w�v��´rtz��v;z}p

h : s 7−→ h(s) = η√
1+s

º�ª�z»rt_
η

���C�Gp®zr{z¦¬�cd� ��v�p®rt��vGrEµ�À�c r
γ̂e

�qc.va��r{cdrt_ac¶bdcu��p{waytcH¼©��y�cEpsrtzb¶��r{cEÁA��§
γe

��v��Ó�qc.¸�vac¶va�¢ª
γ

��pA§©��¨¨¦�¢ª�p¶¼©z¦vÓy{cu�a¨¦��� cubZcuvGr���§
ytc.¨}�¢rtz��v;¼Ò��Á®Á

γ := γ̂e − ẍr + h(|Iv |2)Iv
¼�<u��Á

�   Ð � Ð � 	 � 	 Ð�� � � �&��
�� ����� )��������	��
$
2( � ¼ <*<EÁ �+� � �F���6� � ¼�E�Á � 0����
γ

!*� �;�%�,! � � ¼ <u�GÁ
�
�/�?�&���F�'�

� � (��

0 � � ������� �%��01����� � � ��� (��%! ��(���� �'(���0 � � �,! �

0�0 � � � �
� �,(��,�5��� � ���/��� ��� ������0 � (���01��� � �����	���
c := γe − γ̂e

0 � ),�������6(���� �
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<u� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

0�0�0 �
lim

s→+∞
h(s2)s > |c| �

������� �*���� � �F�,�+� � ¼�E��CÁ	��¼�E��uÁ )�� � ��
2� � �'���+�,!�� 0�� � � � �C� �'��(���01���
İv = Rṽ

� � � �'�	� � �*0 ���1� ( ),�������6(����
���,)��+���

I∗v ∈ R
3

�,��),� � � (��;����� �����50�
 0 �'��0���� ����0��/�
(Iv , ṽ, θ̃) = (I∗v , 0, 0)

� C� � � )'
2�����,!��+
2�8�,� � �F���6� �
0 � (�� ��� �%�+����01),(�
�
������6( ��
2� � � 0�� � !*��� (�0�� �  (������	(&)'��01��� ���'��(�
 �+�

R
3 × R

3 × (−π, π) �
^&_�c¥��y{�o��§C��§�rt_az}pY�ayt���O��p{z»rtz��vKz}pYp®z¦bdz¨}��y�r{�Art_ac&�ay{�o��§C��§O~Myt���O��p{z»rtz��vZ�oµ � ��bd�a¨¦c.bdc.vGr���ytn��qc r���z¦¨¦p
��y{cA��z¦¬�cuv�z¦vH���a�Oc.vC�qz»¹½��µ �aµ

À�c r	w�p��ay{z¦c ±Cn�� ��bdbdc.vGr���v�rt_ac¥y{��¨c/��§art_ac)§©w�v��´rtz��v
h

��v��Kz»r�p��ay{���Ccuy®rtzcEp.µ�^&_ac)��y{���Ccuy®rsnV¼�<.�GÁ
��§

h
z}p�z¦vGr{yt�q�qw�� cE�Hz¦vT��y��qc.ygr{��¨z¦bdz»rEºO¬oz}�T¼ <E��Á º�rt_ac�z¦vq±�w�c.v��.cK��§Yrt_acKz¦vGr{cu��y���¨

Iv
zvHrt_ac��.��vGr{yt��¨

���´rtz��v�µ B��¢ª¥c.¬�c.yEºC�ip{p{wabd�qr{z¦��v 0�0�0 � ��§M~Myt���O��p{z»rtz��vT����¨¦p{�¶�C��zvGr�pg��wqrgrt_��¢rir{_acZwa�a�Oc.y{·4�O��w�v��
η��p{p{�q� z}�¢rtcu�%ª�z»rt_Hr{_�cK��_a��z}� cK��§	r{_az}pg§©wav��´rtz��vÇp{_a��wa¨}�½va��ri�Oc�r{�o��p{b¶��¨¦¨�z¦vT��y��qc.y�r{���.��bd�Ccuv�pt�¢r{c

§©��yg�¶¨}��yt��c�cEpsrtzb¶�¢rtz��vHc.yty{��y
c
µg�iv½r{_ac���rt_ac.y�_C��v���ºOz¦vH¬Gz¦c.ª���§�¼ <E��Á´ºÎ�Vp{bd��¨¨*¬¢��¨¦wac�§©��y

η
b¶�Èn

ytcu�aw�� cir{_ac�ytz}p®«¶��§*_��È¬oz¦va� |γ| ��c r{r{z¦va�¶� ¨¦��p{cgrt�Z³uc.yt��µY^&_az}p&�C��¨z}� n�¨cE���apuºo§©��y&z¦v�psr���v��.c�ºort�d��_��G�Gp®c
η < g

zv¶rt_aci�u��p{c�ª�_ac.v
γe

z}p/cuptp®cuv�rtz¦��¨¨¦nKcE|Gw���¨�r{��rt_acg��yt�È¬ozrsn����u� cu¨cuyt��r{z¦��v�º���v��Zr{_�cgcup®r{z¦b¶�¢rtz��v
cuy{yt��y

c
��v��

ẍr
��y{c�p®b¶��¨¨��.��bd����ytcu�Vr{�Zr{_�z¦p����.�.c.¨¦c.y��¢r{z¦��v�µ�^&_acEp®c��.��v�p{z¦�ac.y��¢r{z¦��vCp)z¦¨¨¦w�p®r{y��¢rtcirt_��¢r

�d�.��bd�ayt��bdz¦p{cA_���p¥rt�¶�Cc�§©��wav���º��ac.�Oc.v��qz¦va�d��v%rt_ac�� ��v�p®z}�qcuy{cE�V¬�cu_az}� ¨¦c���v��½���a��¨z}�.��r{z¦��v�µ

�
	�� � � 	 ��������� � � ������� �
^&_�c�r{_az¦yt�½�.��vGr{yt��¨����q�scu� r{z¦¬�c�z}p&r{_ac�� ��b��az¦vacu�%psr����az¦¨¦z³E�¢r{z¦��v½��§*rt_ac�¬�cu¨�q�.z»rsnVcuy{yt��y

ṽ
¼ ��y

ẋ − ẋr
Á

��v��Zr{_�cg�O��p{z»rtz��v¶c.yty{��y
x̃ = x−xr

rt��³.cuy{�Cµ��ò¸�ytp®r/p{��¨¦wqr{z¦��vZrt��r{_�z¦p)�ay{���a¨¦c.b z¦p)�ay{�¢¬oz}�qcu�d�on�r{_ac
�.��vGr{yt��¨���y{���C�Gp®cE��z¦v%r{_ac���y{cu¬Gz¦��wCp�p®wa�Cp®cE�´r{z¦��vHp{zvC� c�º��Gn%p®c.r®rtzva�

I0 = x(0) − xr(0)
z¦v�¼ <E��Á ºa��vac

_C��p
Iv = x̃

µMe��¢ª�ºa��¨¦z¦«�cir{_ac�¬�c.¨¦�o�.z»rsn�psr����az¦¨z¦³u��r{z¦��v½�.��p®c�ºGzrg�.��v��Oc�w�p{c §©wa¨/¼ ��vC��cu¬�cuv�vacE� cEp{pt��ytnaÁ
z¦v%�ayt���´rtz¦�.cirt�¶� ��bd�a¨¦c.bdcuv�r�rt_ac�� ��vGr{yt��¨���� r{z¦��v%ª�z»rt_%�Z�O��p{z»rtz��v%cuy{yt��y¥z¦v�rtc.��yt��¨Î�.��yty{cE�´rtz��vVr{cuy{b½µ
�ò�C�Gp{p{z��z¨¦z»rsnZ� ��v�p®z}p®rtp	z¦v¶w�p®z¦va����rtc.ytb��ayt���O��y{r{z¦��vC��¨or{��rt_ac���wqr{�awar

z
��§���� ¨}��ptp{z¦�u��¨az¦vGr{c.��yt��r{��y���§

x̃
¼ zÒµ c�µ

ż = x̃
Á�zv½rt_acK� ��vGr{yt��¨�c ¹q�aytcuptp{z��v�µ;B��¢ª¥c.¬�c.yEºGr{_az}pgp{��¨¦wqr{z¦��v½�aytcup{c.vGr�p�p®cu¬�cuyt��¨Î�ayt�Èª�������«qp.µ

����yic ¹a��bd�a¨¦c�ºCr{_ac�zvGrtc.��y���¨*� ��ytytcu�´rtz��v%r{c.ytb b¶�Èn���y{�¢ªR¬�cuy{n%¨¦��y{��c���v��Hr{_az}pgb¶�Èn%zvTr{waytvÇ�.��w�p{c
¨}��yt��cK�¢¬�c.y�p{_a�o��rtpg��§Yrt_acd�C�Gp®zr{z¦��vHrtyt����«ozva��c.yty{��yuµ�^*���È¬���z¦�Hr{_az}pA�ay{���a¨¦c.b½º���v��;��¨}p®�%� ���OcKª�zr{_
���´rtw��¢rt��yM¨¦zbdzrt��r{z¦��v�puºo��vac�_C��p)r{��pt�¢rtway��¢r{c&rt_acAzvGr{cu��y���¨qrtc.ytb½µ	^&_�z¦p¥�.��vV�CcA�q��v�cgz¦vVb¶��von�ª&�Ènqp.º
p{��bdc��Oc r{r{cuy�r{_C��vT��r{_acuytpuµ��a��yizvCpsr���v��.c�º�zrib¶��r®r{cuytp�r{�V��y{cu¬�c.vGr�rt_ac�p{��·Ä�.��¨¨¦cu�½�qcEp{��r{way��¢rtz��v�¼©��y
ª�z¦v��qw��CÁM��y{���a¨cub §©y{��b �o�u� waytytzva��zv���y��qc.y)r{�Zva��r&�¢¬�cuy{¨¦nZzv��.y{cE��p{c�r{_�cAp{nqpsrtc.b � p/rtzbdcAy{cEp®�O��v�p{c�µ
^&_�cdp{��¨¦wqrtz��v;�ayt���O��p{cu�;z¦vÇrt_az¦p������Oc.y�z}p�����p®cE�Ç��v��%va��va¨z¦vacE��y��qnov���bdz}�.��¨Yc ¹or{cuv�p®z¦��v�nozcu¨¦�azva�
�Trsno�Cc%��§g�O��w�v��qcu�²va��v�¨z¦vacu��yKz¦vGr{c.��yt��r{��yuµ�hH��ytc��aytcu�.z¦p{c.¨¦n�ºYª¥c��ac.va��r{c

z
rt_ac%p{��¨¦wqrtz��v�r{�;r{_ac

§©��¨¨¦�¢ª�z¦va�Z�az �Îc.ytc.vGr{z}��¨�cE|Gw��¢rtz��v%�qytz¦¬�c.v%�on
x̃

z̈ = −2kz ż − k2
z(z − p{��r

∆z) + kzhz(|x̃|2)x̃ (kz > 0, z(0) = 0)
¼ <F=�Á

ª�_�c.ytc
hz

�qc.v���r{cEp���p{bd�o��r{_%�O��wav��acu�%psrty{z}�´rt¨nV�O��p{zr{z¦¬�cA§©wav�� r{z¦��v½p{��r{z}ps§©noz¦va�H¼ <.�oÁ ��¼ <E��ÁM§©��y�p®��bdc
�O��p{zr{z¦¬�c��.��v�p®rt��v�r�p

ηz, βz
ºM��v���pt�¢r

∆
z}p��T�.��vGr{z¦vowa��wCp �{p{��r{way��¢rtz��v;§©w�v��´rtz��v ����_���y���� r{cuy{z¦³.cE�Ç�on

rt_ac�§©��¨¦¨¦�¢ª�zva�Z�ayt���Oc.y{r{z¦cupuºqª�z»rt_
∆

�Z�C�Gp®zr{z¦¬�c�vowab��Ccuy���ptp®�q� z}�¢rtcu��ª�z»rt_�rt_az}p&§©wav�� r{z¦��v�º
� �
�
pt�¢r

∆
z}p�y{z¦��_Gr{·[�qz �Îc.ytc.vGr{z}���a¨¦c���¨¦��va�d��von�p{bd�G��r{_½� wayt¬�c�ºa��v���zrtp��qcuy{z¦¬¢�¢rtz¬�cAz}p&�O��wav��acu��µ
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�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� <È�

���
� ∀x ∈ R

3 ºqz§ |x| ≤ ∆
º�pt�¢r

∆(x) = x
µ

���
� ∃ ∆̄ > 0

p{w���_%r{_���r ∀x ∈ R
3 º | pt�¢r ∆(x)| ≤ ∆̄

µ
� �
� ∀(c, x) ∈ R

3 × R
3 p®w���_%rt_��¢r |c| < ∆

º | pt�¢r ∆(x + c) − c| ≤ |x| µ
���O��ptp{z�a¨¦c���_a��z}� c�z}p¥r{_ac��.¨¦��p{p{z}�.��¨�pt�¢rtwayt��r{z¦��v�§©wav��´rtz��vH�qc ¸�v�cu�½��p

p{��r
∆(x) := x min

(

1,
∆

|x|

)

(∆ > 0)
¼ <E��Á

§©��y�ª�_az}��_
∆ = ∆̄

µ
�ivacd¬�c.ytz»¸�cEpi§©y{��b ¼ <�=¢Ágr{_���r�wa¨»rtzb¶��r{cdwavaz§©��ytb$wa�a�Oc.y{·[�C��wav��ap���§ |z| º |ż| º*��v�� |z̈| ��ytc

∆̄ +
ηz/kz

º
2(kz∆̄ + ηz)

ºC��v��
6kz(kz∆̄ + ηz)

ytcup{�Ocu�´rtz¬�c.¨¦n�µ
 ic ¸�v�c

y := x̃ + z
¼ <?E�Á

v̄ := ṽ + RT ż
¼4����Á

γ := γ̂e − ẍr + h(|y|2)y + z̈
¼Ò� <EÁ

ª�_�c.ytc
γ̂e

�qcuva��rtcup	rt_ac�bdcu��p{waytc.bdc.vGrg¼ ��yYcup®r{z¦b¶�¢rtz��vCÁ	��§
γe

º���v��
h

z¦p/��p®bd�o��rt_d�C��wav��qcE�Zp®r{ytz}�´r{¨¦n
�O��p{zr{z¦¬�cA§©wav�� r{z¦��vHp{��r{z}ps§©noz¦va�T¼ <u��Á �Î¼ <È�¢Á���§©��ygp®��bdcA�.��v�p®rt��v�r�p

η, β > 0
µ

�   Ð � Ð � 	 � 	 Ð�� � � �'�
k1

�
k2

�
k3

!&�'�%���+� ������01)'��
�� ���F��0���0���� ),�����,�+(��/�1�
�
� �&��
�� � � �A���
�
2� � 0���� ),�������	��



 ( �


























u = γ̄3 + |γ|k1v̄3

ω1 = −|γ|k2v̄2 −
k3|γ|γ̄2

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re1)γ̇

ω2 = |γ|k2v̄1 +
k3|γ|γ̄1

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re2)γ̇

¼4����Á

�+��� �F�,�+� � ¼�E�Á � 0����
v̄, γ,

(��%!
y
� ����01),� 0��/�6�'� ��������� 0���� � �C!&�����/0���01��� ��

γ
� !&�������,! � � ¼4����Á � ¼4�5<uÁ �

(��%! ¼�<8E�Á �	�������,)���0�����
��
�
�%�?�&���F�'� ����(��

0 � � ������� �%��01����� � � ��� (��%! ��(���� �'(���0 � � �,! �

0�0 � � � �
� �,(��,�5��� � ���/��� ��� ������0 � (���01��� � �����	���
c := γe − γ̂e

0 � ),�������6(���� �

0�0�0 �
lim

s→+∞
h(s2)s > |c| �

0�� �
∆ > |z∗| � ��� �'�	�

z∗
!*�������+� ����� �5��0 �'��� ����
 �5��01��� �+� � � � ������(���01���

h(|z∗|2)z∗ = c �
� ì�á�ê4æ	êÒ×¢Ütê h Ú®Ü�Ö���æYãÈÕ 	�æ®â æsÖ.ê�
âÒá´è hz

ù

í*í Ö�G�õ�ñ�H
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<E� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

������� �������� �F�,�+� � ¼1E�Á ),��� �%
2� � ���/�6�,! � 0���� ¼�<F=�Á ������� � �'�50�
 0 �'��0���� � ��0����
(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)�� ����� )�
 �F�'�,!��+
2�?��� � �F�,�+� � 0 � (�� ��� �%�+����01),(�
�
�� �,�+( �'
2� � � 0���� !&��� (�0�� �  (������	(&)'��01���#������(�
 �6�

R
3 ×

R
3 × R

3 × R
3 × (−π, π) �

^&_�cA��y{�o��§���§�r{_az}p��ayt���O��p{zr{z¦��v�z}p���z¬�c.v�z¦vH���a�Oc.vC�qz»¹H��µ �aµ
^&_ac�y{��¨cd��§¥r{_�c¶§©wav�� r{z¦��v

h
_���p��Oc.c.vÅ�.��bdbdc.vGr{cE��wa�C��vÓzvÓrt_acV�aytc.¬oz¦��w�p�p{wa��p{cu� r{z¦��v�µ%�a��y

�O��p{zr{z¦��v�p®rt���az¦¨z¦³u��r{z¦��v�º�ª¥c/§©way®rt_ac.yYytc.b¶��y{«Ar{_C�¢r	r{_ac&�ayt���Oc.y{rsn�¼�<.��Á*��§
h

�C��wav��ap*rt_ac�� ��v�rty{z¦�awqrtz��v
��§Yr{_ac��C�Gp®zr{z¦��vÇc.yty{��y

x̃
z¦v

γ
�qc ¸�v�cu�H�onÅ¼4�5<uÁ ºÎ��v��½rt_GwCpi��¨¦p{�Vz¦vHr{_acd� ��vGr{yt��¨�z¦va�awqr�p��qc ¸�v�cu�H�on

¼4����Á µM^&_az}p/¨¦z¦bZzrtp/rt_ac�zvq±Cwac.v��.ci��§�¨}��yt��cgz¦vazr{z}��¨Î�O��p{z»rtz��v�c.ytyt��y�pM��v�r{_ac��.��vGr{yt��¨Czva��wqrtp&z¦vGr{c.vCp®zrsn�º
��v��%y{cE�qw��.cup&rt_ac�y{z}p{«���§Ypt�¢r{w�yt��r{z¦va�dr{_ac����´rtw��¢rt��y�p.µ)eg��rtc�r{_���r�r{_ac���_a��z}� c���§

h
z}pgp®r{z¦¨¦¨��db¶�¢r®rtc.y

��§	�.��bd�ayt��bdz}p®c�µ/À�c.rgw�pi� ��bdbdc.vGr���v½r{_ac�yt��¨¦c���§	r{_�cK� �oc ÆV�.zcuv�r
kz

µ �/|�wC�¢r{z¦��vÅ¼�<F=¢Á��C��zvGrtpg��wqr
rt_��¢r

kz
zvq±Cwac.v��.cupir{_�cZy��¢rtcK��§¥�qcEp{��r{way��¢rtz��vH��§

z
ª�_az}��_;�u��vÇ�Ocd����p{c.yt¬�cE��ºC§©��y�zvCpsr���v��.c�º�ª�_acuv

|z| z}p�z¦vaz»rtz¦��¨¨¦n½¨¦��y{��c.y�rt_���v
∆

��v��
x̃ = 0

µg^&_ac�¨¦��y{��c.y
kz

º�rt_ac�§ ��psrtc.ygr{_acZ�qcupt�¢rtwayt��r{z¦��vH��vC�½r{_ac
p{b¶��¨¦¨cuy�r{_�c�z¦vq±�wacuv�� cV��§�r{_az}p�z¦vGr{cu��y���¨)���´r{z¦��v���vÓr{_ac�p®nqp®r{c.b � p�rtzbdc�ytcup{�O��v�p{c�µÇ�ivÓr{_�c���rt_ac.y
_C��v���º�p{zvC� cKw��a�Ccuy®·[�O��wav���p���§ |z̈| ��vC� |γ| ��ytc��ayt���O��y{r{z¦��v���¨�r{�

kz
º�� �{p{bd��¨¨���¬¢��¨¦wacK��§

kz
r{cuv��ap

rt�H¨z¦bdz»rKr{_acVytz}p®«;��§�p{��r{way��¢rtzva�½rt_acV��� r{w���r{��ytpuµ�� ¨}��yt��cd¬¢��¨¦wacV��§
kz

��¨¦p{�HzvC� ytcu��p{cupirt_acVy���va��c
z¦vGr{cuy{¬¢��¨���§ |γ| ��v���ºÎp®wa�Cp®cE|�w�c.vGr{¨¦n�º�r{_ac�ytz}p®«%��§Y��c.r®rtzva� |γ| �.¨�Gp®c�rt�V³.cuy{�T¼Ò�¶¬¢��¨¦wac�§©��yiª�_az}��_½r{_ac
�.��vGr{yt��¨�z}p�v��V¨��va��cuy��qc ¸Cvacu��Á µ�^&_ac�rtwavaz¦va�V��§

kz
z}p�rt_GwCpg���G��z¦v%�Vbd��r®rtc.y���§Y�.��bd�ayt��bdz}p®c�rt�V�Cc

p{��¨¦¬�cE���u��p{c ·[�GnG·Ä�.��p®cA�qc.�Oc.v��azva�¶��v�rt_ac�� ��v�p{z¦�qcuy{cE�V¬�c._az}� ¨¦c���v��%�����a¨z}�.��r{z¦��v�µ

�
	�� � ��� � � � � � � � 	 � �!� �!� � ��� �������!� � � 	���� 	 �
ÃÄv�b¶��vGnA���a��¨z}�.��r{z¦��v�pÎrt_acYrt_ay{wCpsr	�qzytcu� r{z¦��v��.��vava��r��Cc/zvo¬�cuy®rtcu��µ*^&_az¦p�bdcu��vCpÎr{_���r���v�¨n��&�C�Gp®zr{z¦¬�c
¼ y{cEp®��µ�v�c.����r{z¦¬�cÈÁY��y¥vowa¨¦¨Î�.��vGr{yt��¨

u
�.��v��OcA���a�a¨¦zcE��µY�a��y¥rt_acA�.��vGr{yt��¨O¨}�Èª�p)��z¬�c.v�z¦v�~)y{���C�Gp®zr{z¦��v�p

� �G�aº�r{_az}p�p{z��v½�.��v�p®r{y���z¦vGr�z¦p�pt�¢rtz¦p®¸�cE��z¦v%r{_acKvac.z¦��_o�O��yt_a�o�o����§�r{_�cKpsr����az¦¨¦z³ucu�%cu|Gwaz¦¨z¦�aytzw�bÉ�O��z¦v�r
¼Òp®z¦v��.c

u ≈ |γ| ��v�� |γ| > 0
§©y{��b �ip{p{wabd�qr{z¦��v°��Á µ B��¢ª¥c.¬�cuy�zrKz¦p�va��r�p{��r{z}ps¸Ccu�Óz¦v�r{_ac�c.vGr{z¦y{c

�a��b¶��z¦v¯��§��¢r{r{y����´rtz��v¯��§�r{_az}pVcE|Gwaz¨¦z¦�ay{z¦wab½µ�^&_acH§©��¨¦¨¦�¢ª�zva����y{���C�Gp®zr{z¦��v¯�O��z¦v�r�pV��wqrV_a�¢ª r{_ac
�O��p{zr{z¦��v�� ��v�rty{��¨Y¨¦�Èª ¼4����Á�zvÓ~Myt���O��p{z»rtz��vÓ�T�.��v��OcVbd�q�qz¸�cu��rt�T� ��bd�a¨¦nÇª�zr{_Órt_ac��.��v�p®r{y���z¦vGr
u ≥ 0

ºqª�zr{_a��wqrg� ��v�p{cu|Gwac.vC� cup¥��v�rt_ac�p®rt����z¨¦z»rsn�z¦ptp®w�c�µ

�   Ð � Ð � 	 � 	 Ð�� � � �'�
k1

�
k2

�
k3

!*�������+� ������01)���
��C���F��0���0��F� ),�������6(������ ��(��%!
v̄

(��%!
γ

(F� !&�������,! 0��
���	�����F��0���01��� �

�
� ���

σ : R → R
!*�������+� (C������01)���
�� 0��%)'�	�,(F��0�� � � � �?��� ��,�5��)���01��� ����),� � � (��

σ(0) = 0(��%!
σ(s) > − 1

k1
, ∀s ∈ R �

� �*�%
�� � � � ),�������	��
 
2( �































u = |γ| + |γ|k1σ(v̄3) (≥ 0)

ω1 = −|γ|k2

(

v̄2 − v̄3
γ̄2

|γ| + γ̄3

)

− k3|γ|γ̄2

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re1)γ̇

ω2 = |γ|k2

(

v̄1 − v̄3
γ̄1

|γ| + γ̄3

)

+
k3|γ|γ̄1

(|γ| + γ̄3)2
− 1

|γ|2 γTS(Re2)γ̇

¼4����Á

�+� � �F���+� � ¼1E�Á
�

�/�?�&���F�'� ����(���� ������� �%��01������0 � � � � �� ���	�����F��0���01��� � (��	� �'(���0 � � �,!
�

��� �'� � � �
(�� ��� ���6����01) ���6( ��0�
 0�� � �	�����5
 � �� � �	�,� ����0���01��� � �,��0�
�
�����
2!��

�
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���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� <�=

^&_�c��ay{�o��§C��§Cr{_az}pM��y{���C�Gp®zr{z¦��v�z¦pY��z¬�c.vZzv¶�g�a�Ccuv��qz¹Z�Kµ �aµ	eg��rtc/rt_��¢rYrt_ac��ayt���O��p{cu�Kbd�o�az»¸C�u�¢rtz��v
��§grt_acH� ��vGrty{��¨¥¨}�ÈªÉ���a�a¨¦zcEpZ��pdª/cu¨¨&rt�Çrt_acT� ��vGr{yt��¨¥¨¦�Èª�pZ��§A~Myt���O��p{z»rtz��v�p¶�;��v�� �Ç�on²p{zbd�a¨¦n
ytc.��¨¦��� z¦va�

v̄
z¦vdr{_acA� ��vGrty{��¨ac ¹q�aytcuptp®z¦��v½¼4����ÁY�Gn

ṽ
µ	~	��ptp{z�a¨¦c���_a��z¦�.cup	§©��yMr{_�c�§©wav�� r{z¦��v

σ
��y{c���z¬�c.v�º

c�µ �Cµºq�on

σ(s) =
α

k1
tanh

(

k1s

α

)

,
��y

σ(s) =
s

√

1 +
k2

1
s2

α2

ª�zr{_
0 < α ≤ 1

µ

� ���������	��
��	���%�%����-��%(¥'��*-.���

^&_�cgytcup{wa¨»r�p)��§�r{_acA�aytc.¬oz¦��w�p/p®cE�´r{z¦��v�y{cu¨ndwa�O��v¶rt_ac�p{��r{z}ps§ ���´r{z¦��v¶��§*�gptp{wabd�qr{z¦��v���ª�_az}��_Vwav��.��vq·
�az»rtz��v���¨¦¨n;��w���yt��vGr{c.cEp�rt_acVc.¹oz}p®r{c.vC� cV��vC�;¨¦�q�.��¨Ywavaz}|�w�c.vacEp{p���§/rt_acV�qcEp®z¦y{cE�;r{_aytw�p®rK�qzytcu� r{z¦��vÓz¦v
rt_acg¬�c.¨¦�q� zrsnd��v��¶�O��p{z»rtz��v�� ��vGr{yt��¨C�u��p{cupuµ�����y/bZ�Gpsr¥wav��qcuyt���´rtw��¢rtcu�¶¬�c._az}� ¨¦cupuº�rt_az}p/��p{p{wabd�qr{z¦��v�z¦p
v���r�p{��r{z}ps¸Ccu��µMÀ�c r�w�p�z¦¨¨¦w�p®r{y��¢rtcirt_az}p���v½�dp®z¦bd�a¨c�c.¹a��bd�a¨¦c�µ
��� ¡ ��� # Ë�Å¼4lo�a_acuy{z}�.��¨�¬�c._az}� ¨¦cEÁ � ��v�p®z}�qcuy��%p{�a_ac.ytz}�.��¨	¬�c._az}� ¨¦c�º�ª�zr{_�zrtp�� cuvGr{c.y���§)b¶��ptp�� ��zvq·
�.z¦�azva�¶ª�zr{_½rt_acKp{�a_acuy{c � p��.c.vGr{cuyuºOp®w��abdz»r{r{cu�%rt�¶r{_�cK��� r{z¦��v½��§Y��y��È¬oz»rsn�ºa�qy����Z§©��y�� cEp.º���v��½���a�acu�o·
b¶��p{pdc �OcE�´rtpuµ2^&_�c½r{y���v�p{¨¦��r{z¦��v���¨��qnov���bdz}�.p¶��§irt_acH¬�cu_az¦�.¨cHz}pd��z¦¬�cuv¯�Gn�¼ <EÁdª�z»rt_

Fe(ẋ, ẍ) =
−ca|ẋ|ẋ − maẍ + mge3

ºO��v��
ca, ma

�O��p{z»rtz¬�cK� ��v�p®rt��vGrgvowab��Ccuytpi��ptp®�q�.z¦��r{cu�%ª�zr{_Ç�ayt���d§©��y�� cup
��v��H�����qcu�o·[b¶��ptp&c �Îcu� rtp�ytcup{�Ocu�´rtz¬�c.¨¦n�µ�^&_az}p�cE|�wC�¢r{z¦��vH�u��vH�Oc�y{cuª�y{zr®rtc.vT��p�¼ �.��bd����ytc�ª�zr{_²¼�<uÁ{Á
m̄ẍ = −TRe3 + F̄e(ẋ)

ª�z»rt_
m̄ = m + ma

ºa��v��
F̄e(ẋ) = −ca|ẋ|ẋ + mge3

µM^&_acgrtc.ytb
γ(ẋ, t)

��§
cE|Gw��¢rtz��v�¼Ò��Á¥z¦p�r{_ow�p&��z¦¬�cuv��on

γ(ẋ, t) =
F̄e(ẋ)

m̄
− ẍr = −ca

m̄
|ẋ|ẋ +

mg

m̄
e3 − ẍr

 �_�c.v��qy����%c �Îcu�´r�p��.��v;�Oc¶vac.��¨cE�´rtcu� ¼©z4µ c�µ ca

m̄ |ẋ|ẋ ≈ 0
Á º*�ip{p{wabd�qr{z¦��v���z}p�va��r�pt�¢rtz¦p®¸�cu�;ª�_acuv

rt_ac�ytc §©cuy{cuv�� c����.� cu¨cuyt��r{z¦��vZ¬�cE�´r{��y
ẍr

z¦p)cu|Gw���¨ar{� mg
m̄ e3

µY�gpM��bd��r®rtc.y)��§C§ ���´rEº�rt_acg���O�¢¬�c�ytc.¨}�¢rtz��v
�O��z¦vGrtp&��wqr�r{_���r�r{_acuy{c���¨ª&�Ènqp/c.¹qz¦p®rtp��Z¬�cu¨�q�.z»rsn

ẋ
p{w���_�r{_���r

γ(ẋ, t) = 0
µ

�gva��rt_ac.y¥c ¹a��bd�a¨¦cgª�_�c.ytci�gptp{wabd�qr{z¦��v½��z}p)va��r¥pt�¢rtz¦p®¸�cu�Vz¦p/�ayt�¢¬Gz}�qcE�¶�ond��p®_�z���ay{z§¾r{z¦va�Kª�zr{_
rt_acdp®cE���.way{ytc.vGr��¢r�³.cuy{��y{cu¨¦��r{z¦¬�cK¬�c.¨¦�q� zrsn�µ�ÃÄv��qcucu��º�r{_ac¶p{wab ��§)c.¹or{c.ytv���¨*§©��yt�.cupA���a��¨z¦cu�Tr{�%r{_ac
p{_az¦�Vz}p/cE|Gw���¨�r{�Z³.c.yt��z¦vVrt_az¦p¥�.��p®c�µ �)¬�c.v�r{_a��wa��_���vacibd�Ènd_a���Ccgr{_���r/rt_ac�p®c.r/��§��®����� �g¬�cu¨�q� zr{z¦cup
�a�GcEp�va��rg�Oc.¨¦��va�¶rt�Vrt_ac�va��bZz¦v���¨����Oc.y��¢rtz��v���¨*�q��b¶��z¦vH��§Yrt_ac�¬�c._az}� ¨¦c�ºCr{_acEp®cKc ¹a��bd�a¨¦cupgzv��az¦�u�¢r{c
rt_��¢rEº�z¦vVp®��bdc&�u��p{cupuº��gptp{wabd�qr{z¦��vV�Az}p	r{�o��p®r{yt��va�Cµ*hH��y{cu�¢¬�c.yEºÈª�_ac.v¶zrMz}pY¬oz��¨¦��r{cu��º�r{_�c�� ��vGrty{��¨qz¦p
v��¶¨��va��cuy&�ac ¸�vacE��µ/eg�¢ª�ºqr{�¶cuv�p{way{c 
2�?),(�
 p®rt���az¨¦zrsn�ºazrgz}p�p®waÆ¶�.zcuvGr�r{_���r

γ
�q�ocup�va��r�¬¢��vaz}p®_½vacE��y

rt_acg�.��v�p{z¦�ac.ytcu��y{c.§©c.ytc.v��.c�¬�c.¨¦�q� zrsn
ẋr

µY^&_az}pMp®w�����cEpsr�p�r{��ytc.��¨¦��� c��gptp{wabd�qr{z¦��vV���on�rt_ac�§©��¨¨¦�¢ª�zv��
ª¥cu��«�cuy¥��p{p{wabd�qr{z¦��v�µ

���u� ����*�
	 Ð��	� ��� �'�	� ���*0 �����
δ > 0

����),� � � (��������� (�
�

t
� |γ(ẋr(t), t)| ≥ δ �

fgv��qcuy�r{_�z¦pA��ptp®w�bZ�ar{z¦��v�ºCr{_acZ� ��v�rty{��¨�¨}�Èª�p��ayt���O��p{cu�½z¦vÇlocu� r{z¦��vÇ����ytc�¨�q�u��¨¦¨n%ª/cu¨¨·Ä�qc ¸�v�cu�H��vC�
cuv�p{way{c 
2�8),(�
 ��p®nobd�qr{��r{z}�Kp®rt���az¨¦zrsn%��§Yr{_acd�qcEp®z¦y{cE�Hytc §©c.ytc.vC� c�¬�c.¨¦�o�.z»rsn �¢�C�Gp®zr{z¦��v%r{y��¢�scE�´rt��ytn�µi^&_�z¦p
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<E� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

b¶�Èn��CcZp®wqÆV�.zcuv�ri§©��yibd��von������a¨z}�.��r{z¦��v�puµ B��¢ª¥c.¬�c.yEºq§©��yg�ayt���´rtz¦�u��¨���way{�O��p{cup���vac�ª¥��w�¨¦�½¨¦z«�c�r{�
p®rt�Èni��v�rt_ac/pt�¢§©c)p{z}�qc/��v���c.v�p{waytcYr{_C�¢ruºE§©��y�z¦v�psr���v��.c�ºEr{_�c/� ��vGr{yt��¨��u��¨}� wa¨}�¢rtz��vAz}p���¨ª&�Ènqp�ª¥c.¨¦¨»·[�C�Gp®cE�
��v��¶rt_��¢r&rt_acAr{y�����«ozv��Kc.ytyt��y�pMytcup{wa¨»rtzv��K§©yt��b rt_ac�� ��vGrty{��¨O���´r{z¦��v%�.��v�vacu¬�c.y&�qz¦¬�cuy{��cgc ¹q�a¨¦��p{z¦¬�c.¨¦n�º
ª�_C�¢r{cu¬�cuy�r{_ac����q¬�cuytp{cdc.vo¬ozyt��v�bZcuvGrt��¨M�.��v��az»rtz��v�p���y��C�o��yt¨¦n;��_a�Gp®cuv�ytc §©cuy{cuv�� cdrtyt���scu� r{��ytz¦cupi§©��y
ª�_�z¦��_

γ
�����ay{�G����_acEpMrt_ac�vowa¨¦¨�¬�cE�´r{��y��¢rgp{��bdcAr{z¦bZc.·4z¦v�p®rt��v�rEµM���.�.��y��qzv���¨¦n�ºGr{_ac����q�scu� r{z¦¬�c���§�r{_az}p

p{cu� r{z¦��v�z}p�r{�AbZ�q�qz§©n�r{_�c¥�.��vGr{yt��¨¦¨cuytp���§ClocE�´rtz��v���z¦vK��yt�ac.y�rt�i_C�È¬�cYrt_ac)rt_aytc.cM§©��¨¨¦�¢ª�z¦va�g�ayt���Oc.y{r{z¦cup
pt�¢rtz¦p®¸�cE��p{zb�wa¨rt��v�c.��wCp®¨¦n�9
� � � ¨¦�q�.��¨���p®nobd�qrt��r{z}��psr����az¦¨¦z»rsnVª�_�c.vH�gptp®w�bZ�ar{z¦��vH�Zz¦p�pt�¢rtz¦p®¸�cu��º
��� � ª¥c.¨¦¨»·[�O��p{cu�qvacEp{p¥��§*rt_ac�c ¹q�aytcuptp®z¦��vCp/��§*rt_acK�.��vGr{yt��¨Îz¦va�awqr�p�c.¬�c.v½ª�_ac.vH�ip{p{wabd�qr{z¦��vH�Zz}p�va��r

pt�¢rtz¦p®¸�cu��º
��� � ��¨������¨�w�vaz»§©��y{b wa¨r{z¦bd��r{cT�O��w�v��qcu�avacuptpV��§Art_acÇp{nqpsrtc.b � pV¬�c.¨¦�q� zr{z¦cup

ẋ
��v��

ω
c.¬�c.v¯ª�_acuv

�ip{p{wabd�qr{z¦��vH�Zz}p&¬Gz¦��¨}�¢rtcu��µ
^&_�c�bd�q�qz»¸O�.�¢rtz��v�pK��y{c��.��ytytzcE�;��wqrK§©��y�rt_ac�¬�c.¨¦�q� zrsn��.��vGr{yt��¨M���q�scu� r{z¦¬�cV��§�~Myt���O��p{z»rtz��v²�qº	�awqr
rt_ac.n���ytc¶��¨}p®�½¬¢��¨¦z¦�;§©��y���r{_�c.yK�.��vGr{yt��¨	¨}�Èª�p��ay{���C�Gp®cE�Çz¦vÅlocu� r{z¦��v��½bd�q�qwa¨¦�½�Hp®r{y���z¦��_Gr{§©��ytª¥��yt�
rtyt��v�p{�C�Gp®zr{z¦��v�µ

~Myt���Oc.y{rsn � � � z}p/p{z¦bZ��¨nd���art��z¦vacE�¶�on�b�wa¨»rtz��¨noz¦va��rt_aciw�vG�O��w�v��qcu�¶r{c.ytb¶p
1/|γ| ��v�� 1/(|γ|+

γ̄3)
zv r{_ac�� ��v�rty{��¨gc.¹o��y{cEp{p{z��v�¼ <&<EÁV�on���vò���qcu|Gw���r{cT§©w�v��´rtz��v�rt��«Gz¦va��rt_ac�¬È��¨w�cÇ��v�cTzv r{_ac

v�c.z¦��_o�C��y{_��G�q�½��§Yr{_acZy{c.§©c.ytc.v��.c�rtyt���scu�´rt��ytn���v��H³.cuy{�%�¢r
γ = 0

µ��a��ygz¦v�p®rt��vC� c�ºÎ��vac��u��vTw�p{c�r{_ac
C1 §©wav�� r{z¦��v

µτ : [0, +∞) −→ [0, 1]
�qc ¸�v�cu�%�on

µτ (s) =

{

sin(πs
2

2τ2 ) ,
z»§

s ≤ τ
1 ,

��rt_ac.ytª�z¦p{c ¼4�¢�GÁ

§©��y�p®��bdc��.��v�p®rt��vGr
τ > 0

µY^&_az¦p�nGz¦c.¨}�ap¥rt_ac�bd�o�az»¸�cE�½� ��vGrty{��¨Oc.¹q�ay{cEp{p{z¦��v


























u = γ̄3 + |γ|k1ṽ3

ω1 = −|γ|k2ṽ2 − µτ (|γ| + γ̄3)
k3|γ|γ̄2

(|γ| + γ̄3)2
− µτ (|γ|)

1

|γ|2 γTS(Re1)γ̇

ω2 = |γ|k2ṽ1 + µτ (|γ| + γ̄3)
k3|γ|γ̄1

(|γ| + γ̄3)2
− µτ (|γ|)

1

|γ|2 γTS(Re2)γ̇

¼4����Á

^&_�z¦pgbZ�q�qz¸C�u�¢r{z¦��vT�a�GcEp�va��rg�aytc.¬�c.vGr�~Myt���Oc.y{rsn � � � §©y{��b �Oc.z¦va��pt�¢rtz¦p®¸�cu��µi�iv½r{_ac���r{_acuyg_���v���º
rt_acK���qr{cuvGr{z¦��vH��§Y~Myt���Oc.y{rsn ��� � z}p�bd��ytc�zvo¬���¨¦¬�cu��µ¥Ã[rAy{cu¨z¦cupgzv½rt_ac�¸Cytp®rg�a¨}���.c���v½rt_ac�§©��¨¨¦�¢ª�zv��
����p{c.yt¬È��r{z¦��v�ºEª�_az}��_Kz}p	�g�qz¦y{cE�´rY� ��v�p®cE|Gwac.v��.c)��§qr{_ac��qz}p{p{z¦���¢rtz¬ozrsnA��§C�qy�����§©��yt�.cup¥¼©z4µ c�µ��ip{p{wabd�qrtz��v
��Á´µ
�   Ð � Ð � 	 � 	 Ð�� � �%�?�&���F�'� � � (�� �C�,����� ����01��� � 0 � �'(���0 � � �,! (��%! � � (��

u
0 � ),(�
2)'�5
2(��6�,! (&),),����!�0�� � �6�

( ��,��! �,(&)	� 
 ( � ����),� ����(�� ������ �'� � � ),��� ���+(��/�1�
β1, β2

�

|u| ≤ β1 + β2|ẋ|
¼4����Á

������� �A� � � ),�������	��
�
2�,! �����501)�
 ��� � 
 0��%�,(�� ����
 �8)'0�� �
ẋ

0 � �
�
�
�
�
� �

� ���	�,� �����	���5��!&�'� � ������� �%��01��� ���
γe

�

γ̇e
(���! � � � 
 0��%�,(�� (&),),��
 ���	(���01���

ẍ
(��	� (�
 �'� �

�
�
�
�
� �

ë©ì�í�ë¾î
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���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� <?E

�   Ð�Ð � locuc����a�Oc.vC�qz»¹½��µ �aµ
^&_acK���q�scE�´r{z¦¬�c�z}p�va�¢ª2r{�¶bd�q�qz§©nVr{_�c�c ¹q�aytcuptp®z¦��vÓ¼ ��Á&��§

γ(ẋ, t)
p®�drt_��¢r

u
º���p���z¦¬�c.v%�on�¼4����Á´º

�u��vHpt�¢r{z}p®§©n�rt_ac��ayt���Oc.y{rsn;¼4����Á�ª�z»rt_a��wqrA�qcup®r{yt�¢nozva�Zrt_ac��ayt���Oc.y{rsn���§	¨¦�q�.��¨���p{nobZ�ar{��rtz¦��p®rt���az¦¨zrsn�µ
^*��r{_�z¦p)�awayt�C�Gp®c�º�¨¦c r pt�¢r

∆
�qc.v���r{ci��� ��vGrtzvowa��w�p��®pt�¢rtway��¢r{z¦��v�§©wav�� r{z¦��v �gpt�¢rtz¦p®§©nozva��rt_ac�~Myt���Oc.y{r{z¦cup

� � �A� � �A��� ��§�r{_�c�§©wav��´rtz��vHp{��r
∆

��v��½��¨}p®��r{_ac�§©��¨¨¦�¢ª�z¦va�d�ay{���Ccuy®rsn
� �
�
^&_�c.ytcAc.¹qz¦p®rtp&�d� ��v�rtzvowa��w�p/§©wav�� r{z¦��v

φ : R
3 −→ R

p®w���_�r{_C�¢r ∀(ξ, γ) ∈ R
3 × R

3 º φ(γ) ≤ 1��v��
ξT

pt�¢r
∆(γ) = φ(γ)ξT γ

¼4�*=�Á
���O��ptp{z�a¨¦c���_a��z}� c�z}p¥r{_ac��.¨¦��p{p{z}�.��¨�pt�¢rtwayt��r{z¦��v�§©wav��´rtz��vH�qc ¸�v�cu�½��p

pt�¢r
∆(γ) := γ min

(

1,
∆

|γ|

) ¼4����Á

À�c r
γd

�qcuva��rtc���von���·[�qz¦bdc.v�p{z¦��v���¨O�O��w�v��qcu� C1 r{z¦bdc ·Ä�qc.�Oc.vC�qc.vGrg¬�cu�´rt��y&¬¢��¨¦wacu��§©wavC�´r{z¦��vHª�_���p{c
�ac.ytz¬¢�¢rtz¬�cdz¦p���¨¦p{�½�C��wav��qcE��µ½^&_ac¶y{��¨c¶��v�����_a��z}� cd��§/rt_az¦p�§©wav�� r{z¦��vÓª�z¨¦¨)�Oc��.��bdbdc.vGr{cE�;w��C��v
§©w�y®rt_ac.yEºa��¨¦��va�dª�zr{_Hp{��bdc�c ¹a��bd�a¨¦cupuµ  gc.¸�vac�va�¢ª

γ
��p¥§©��¨¦¨¦�¢ª�p

γ(ẋ, t) := γd(t) +
pt�¢r

M (γe,d(ẋ, t)) − ẍr(t)
¼Ò�&E�Á

ª�zr{_
γe,d(ẋ, t) := γe(ẋ, t) − γd(t)

¼ ����Á
��y{��b ¼Ò�&E�Á º��gptp®wabd�qrtz��v���º�r{_�c¥�O��w�v��qcu�avacuptp	��§

γd
º���vC��rt_ac&�C��wav��qcE�qvacuptp	��§Cr{_ac¥§©wavC�´r{z¦��v pt�¢r

M
º

zr�§©��¨¦¨¦�¢ª�p)rt_��¢r�rt_ac.ytc�c ¹qz}psr�p���¸�vazr{c�¬¢��¨¦wac
Q > 0

p®wC��_�rt_��¢rEºaª�_��¢rtc.¬�c.y
ẋ(t)

º

|γ(ẋ(t), t)| ≤ Q
¼ � <ÈÁ

^&_�c.ytc §©��ytc�º)zv ¬ozcuª ��§ir{_ac½c ¹q�aytcuptp{z��v²��§
u

zv�¼Ò����Á º/zv�cu|Gw���¨¦zrsn ¼Ò����Á�z¦pZva�¢ª p{��r{z}ps¸Ccu��µ°~My{z¦��y
rt��psr��¢r{z¦va��r{_�c%b¶��zv�p®rt����z¨¦z³E�¢rtz��v²ytcup{wa¨»r¶��§gr{_�z¦pVp{cu� r{z¦��v�º/ª/c½vacucu�²r{�Óz¦v�rty{�q�qwC� cHp®��bdc%c.¹or{y��
v���rt��r{z¦��v�µ�loz¦v�� c

γd
z}pi�C��wav��qcE�T�onH��ptp®wabd�qrtz��v�ºÎz»ri§©��¨¦¨�¢ª�pg§©yt��b �gptp®w�bZ�ar{z¦��v�p��V��v��Ç�;¼©ytcu�.��¨¨

rt_��¢r
γe = Fe/m

Á¥��v���¼ ����Á/r{_C�¢r�r{_�c.ytcAc.¹qz¦p®r�� ��vCpsr���vGr�vGw�bK�Oc.y�p
c̄1 ≥ 0, c̄2 > 0, c̄3 ≥ 0, c̄4 > 0p{w���_�r{_���ruº ∀(ẋ, t) ∈ R

3 × R
º
{

|γe,d(ẋ, t)| ≤ c̄1 + c̄2|ẋ|2

ẋT γe,d(ẋ, t) ≤ c̄3|ẋ| − c̄4|ẋ|3
¼Ò����Á

� ��v�p{z¦�qcuy¥r{_ac�§©��¨¨¦�¢ª�zv��Z�O��¨¦nova��bdz}��¨�z¦v
s
ºaª�zr{_

v̄r > 0
º

P (s) := c̄4s
3 − c̄2v̄rs

2 − c̄3s − c̄1v̄r

lqzv��.c
c̄4 > 0

ºqr{_acuy{c�c.¹oz}p®rtp��ZvowabK�Oc.y
κ(c̄i, v̄r) ≥ v̄r

p{w���_�rt_��¢r
s ≥ κ(c̄i, v̄r) ⇒ P (s) ≥ 0

µ
^&_ac¥§©��¨¨¦�¢ª�zv��grt_ac.��y{cub%º¢ª�_���p{c/�ayt�o��§�z}pY�qc.rt��z¦¨¦cu��z¦vd���a�Oc.v��az»¹d��µ =oº��aytcup{c.vGr�p�rt_ac&b¶��z¦vKytcup{wa¨»r

��§�rt_az¦pgp®cE�´r{z¦��v�µ
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��� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

��� ËoÐ   Ë �  � ���
k1

�
k2

�
k3

!*�������+� ������01)���
�� � ����0���0���� )���� ���+(������
�

� �*�%
�� � � � ),���/���	��
 
2( � ¼4����Á �
� 0�� �

µτ
(��%!

γ
�&0������ � � ¼4�¢�GÁ (���! ¼4��E�Á �	����� �,)'��0�����
�� � �+� � �F���6� � ¼1E�Á

�
�%�?�&���F�'� ����(��

0 < τ < δ
�

���������
τ

(���!
δ

(��	� � � � ),�������6(������ 0�� ����
 ���,! 0�� ����
2(���01��� ¼Ò���GÁ (���! � �,�,��� �%��01����� �	�������,)���0�����
��
��%�?�&���F�'� ����(�� � ������� �%��01����� � � � � � � � �A(��%!�� (��	� �'(���0 � � �,!

�
��� �'� �����A���
�
2� � 0�� � ���	����������01��� � ��
2!��

� � � � � )��������	��
D0����%�5���
u

(���!
ω

(���� �;�'
�
 ��!&�������,! (��%! �,���5�%!&�,! (�
2��� � (�� � � �F���+� � � � �'��
 �5��01��� �

� �
ẋ

0 � �
�
�
�
�
�

(�
2��� � (�� � � �F���+� � � � ����
 �5��01��� �

� � ���� ����� ��� ��� �F���+� � ¼�E��CÁ	��¼1E��uÁ ��� � �C� �'�50�
 0 �'��0���� � ��0����
(ṽ, θ̃) = (0, 0)

�  � � �C)�
 �F�'�,!��+
2�?��� � �F���6� �
0 � 
2�?),(�
�
�� (�� ��� �%�+����01),(�
�
�� ���+( �'
2�C0 

M > c̄1 + c̄2v̄r

� � 0����
M

����� ),��� ���+(��/� (��,���?)'01(��+��! � 0���� � � �
,�5�%)'��01��� pt�¢r

M
0����+��� �����/0�� � 0��

γ �	� �5��� � �'� � ���	� � 0 
M ≥ c̄1 + c̄2(κ(c̄i, v̄r))

2 (���! |γ(ẋ, t)| ≥
τ ∀(ẋ, t)

� ����� (������	(&)'��01��� !*��� (�0�� 0 � ���'��(�
 �+�
R

3 × (−π, π) �
�¥n��.��bd����y{z}p®��vVª�zr{_�r{_ac��.��vGr{yt��¨O¨¦�Èª�p&��§	locE�´rtz��v%�qºort_ac�� ��vGr{yt��¨	¼Ò����Á¥�qc.�Oc.v���p���v�c ¹or{y����acup{z��v
rtc.ytb¶pg¼

τ
ºq��v��dr{_�c�§©wav�� r{z¦��v�p p{��r

M
��v��

γd
ÁYª�_az}��_��u��v¶�Oc�r{w�vacu�Vp{�K��pYr{�Kbd��¹qzbdz¦³.c�rt_aci�q��b¶��z¦v

��§	p®rt���az¦¨zrsn���§*rt_ac�� ¨¦��p{cu�o·[¨¦�G���%p{nqpsrtc.b½µ)À�c r�w�p�z¦¨¦¨w�p®r{y��¢rtc�r{_az}p&rtwavaz¦va�¶�C�Gp{p{z¦�az¨¦zrsn�z¦v�rt_acK�u��p{cA��§
rt_ac�p{�a_ac.ytz}�.��¨Î¬�c._az}� ¨¦c���¨¦y{cE���qnV�.��v�p{z¦�ac.ytcu��zv �Y¹a��bd�a¨¦c <�µ
��� ¡ ��� # Ë ��¼Òlq�a_ac.ytz}�.��¨�¬�c._az}� ¨¦c�ºa�.��vGr{z¦vowacu�CÁ/^*�¶p®z¦bd�a¨¦z»§©n�ºqª/c���ptp{wabdcgrt_��¢r�rt_ac��qcup{zytcu��¬�cu¨�q�.z»rsn
ẋr

z}pi�.��v�p®rt��vGruº�z4µ c�µ
ẍr = 0

µgÃÄvTr{_az}pi�u��p{c�º
γe(ẋ) = γ(ẋ) = γg + γae(ẋ)

ºCª�zr{_
γg = (mg/m̄)e3rt_acV��yt�È¬ozrsnT���.�.c.¨¦c.y��¢rtz��v;¬�cu�´rt��y�¸�cu¨¦��º���v��

γae(ẋ) = −(ca/m̄)|ẋ|ẋ ¼
ca > 0

Áir{_�c����u� c.¨¦c.y��¢rtz��v
¬�cu� r{��y¥��ptp®�q�.z¦��r{cu�Vª�z»rt_���cuy{�q�qnov���bdz¦��§©��y�� cupuµ	À�c r&w�p&��ptp{wabdc�r{_C�¢r¥r{_aci§©wav�� r{z¦��v p{��r

M
z¦p&�qc.¸�vacE�

�on�¼Ò����Á.ºO��v��H� ��v�p®z}�qcuy�rsª/���C�Gp{p{z��¨cK��_���z}� cup�§©��y
γd

¼ ��bd��va�V��rt_ac.y�p�Á´µ���zy�p®ruº�¨¦c r
γd = γg

µg^&_acuv
γ = γg +

pt�¢r
M (γe,d)

��v��
γe,d = γae

µ%lqzv��.c¶r{_�c¶va��ytbk��§
γg

z}p�va��vq·[³.c.yt�½��v��Ó� ��v�p®rt��vGrEº*��vC�
pt�¢r

M
z}p��O��wav��acu���on

M
º	�gptp®wabd�qrtz��v��½z¦p�pt�¢rtz¦p®¸�cE�;z§

M < mg/m̄
µ%ÃÄv�r{_az}pK�u��p{c |γ(ẋ, t)| ≥

mg/m̄ − M > 0
µihT��ytc.�¢¬�cuyuº�z»§

τ < mg/m̄ − M
ºCrt_acZcu|Gwaz¦¨z¦�aytzwab

(ṽ, θ̃) = (0, 0)
z}p �®��¨¦������¨¨¦n �

��p®nobd�qrt��r{z}�.��¨¨¦nÇp®rt���a¨cT¼ zÒµ c�µ�r{_ac��q��b¶��z¦vÓ��§��¢r{r{y����´rtz��v;z}p
R

3 × (−π, π)
Á µ Bg�¢ª/cu¬�cuyuº�z¦bd�C�Gp®z¦va�

rt_az}pKz¦vacu|Gw���¨zrsn���v
M

b¶�Èn�va��rZ�Cc%� ��bd����r{z¦�a¨¦c�ª�zr{_�rt_ac�pt�¢rtz¦p®§ ��� r{z¦��v���§�rt_ac½� ��vC�qz»rtz��v
M ≥

c̄1 + c̄2(κ(c̄i, v̄r))
2 ª�_�z¦��_���w���y���vGr{cucupArt_acV¨}��yt��cup®r��C�Gp{p{z¦�a¨c��q��b¶��z¦vÓ��§��¢r{r{y���� r{z¦��v�µ%ÃÄv��qcucu��º	z¦v

rt_az}pZ�u��p{c���vac%_���p
c̄1 = c̄3 = 0

º
c̄2 = c̄4 = ca

º)��v��
κ(c̄i, v̄r) = v̄r

º/p{�Trt_��¢rdrt_ac%�.��v��az»rtz��v
M ≥ c̄1 + c̄2(κ(c̄i, v̄r))

2 z¦pVva�¢ª cE|Gwaz¬¢��¨cuv�r¶rt�
M ≥ cav̄

2
r

µR^&_ac.ytc §©��y{c�º)rt_acÇpt�¢r{z}p®§ ���´rtz��v°��§
�ip{p{wabd�qrtz��v½�d��v�� �&
2� ��(�
 ��p{nobZ�ar{��rtz¦��p®rt���az¨¦zrsn���ytc���w���yt��v�rtc.cE�V�ayt�¢¬oz¦�qcE�¶rt_��¢r

sup |ẋr(t)| <
√

mg/(m̄ca)
¼Ò����Á

eg�¢ª�ºEr{�ip®rt���az¦¨z¦³.c/¨¦��y{��c.y�ytc §©cuy{cuv�� cM¬�c.¨¦�q� zr{z¦cup*ª�_az¦��_��q�gva��r�pt�¢rtz¦p®§©ngrt_az}p*z¦vacE|�wC��¨¦z»rsn�ºEzr	z¦p*vacu�.cuptp{��y{n
rt�Vw�p{cK¬¢��¨¦wacEpg��§

M
¨}��yt��cuy�r{_C��v

mg/m̄
µ B��¢ª¥c.¬�c.y�rt_acK�O��p{zr{z¦¬Gzrsn½��§ |γ(ẋ, t)| �u��vTv��V¨��va��cuyg�Oc

��w���y���vGrtc.cu��¨¦�o�u��¨¦¨n%��yt��wavC����vGn�y{c.§©c.ytc.v��.c�¬�cu¨�q� zrsn�µ/ÃÄv½r{_az}pg�u��p{c�ºaz¦v�p®r{cE���%��§M��_a�o��p{z¦va�
γd = γg

º
��vac¶bdz��_GrK��p�ª¥c.¨¦¨)p®c.r

γd = 0
º	p®�%rt_��¢r

γ =
p{��r

M (γe) =
pt�¢r

M (γg + γae)
µ  �z»rt_Ór{_az}pK��_���z}� c�º

rt_ac��O��p{z»rtz¬ozrsnV��§ |γ(ẋ, t)| z¦p&v���r�wav��.��v��az»rtz��v���¨4ºq�awqr�zrgz}p�p{��r{z}ps¸�cE�%zv%r{_�c�vac.z¦��_o�O��yt_a�o�o����§Y��von
ytc §©cuy{cuv�� cA¬�cu¨�q�.z»rsn�p{w���_�r{_���r

ẋr 6=
√

mg/(m̄ca) e3
¼Ò���GÁ

��y{��bÉ^&_acu��ytc.b < 
2�?),(�
 ��p{nobZ�ar{��rtz¦��p®rt���az¨¦zrsn�z}p���¨}p®�d���art��z¦vacE��z§
M ≥ g + cav̄

2
r

µ
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�Ë �Å¡q ��  ��� � )��������	��
�
 ���,� �� � �	�����F��0���01����� ��� � )�(����,� � �?!�0 � �,!�0�� ( �,0 � 0�
2(�� �;( �
�

�������,01!*���
���� ����( � ��
2� ���������F��0���01��� )��������	��
D
 ( � ������,)���01��� �

�
�
�
� ��� ),(��.!&������� � ),��� � (��	� � 0���� ¼Ò� <uÁ �

γ := γd +
pt�¢r

M (γ̂e,d) − ẍr + h(|y|2)y + z̈

� 0�� �
γ̂e,d := γ̂e − γd

(��%! ���6(��6�����+( �'0�
 0�� � �	���,�5
 �1� (���0�� ���������	� � �
�

��� � �'��
 � � �?!�0 � ),(���01��� ),���%),�'��� � � � � ),����!�0���01���
M > c̄1 + c̄2(κ(c̄i, v̄r))

2
�  ��� �,����� � � ���501)�� ��01��
2!�� �&
2� ��(�
�(F� ��� ���6����01) ���6( ��0�
 0�� �

�
� � � (�� �+� �,�

���6��
2(&),�,! � � � � � �,���	��� � ��� ),����!�0���01���
M > c̄1 + c̄2(κ(c̄i, v̄r + 2ηz))

2 �

� � -�� ��
.'��*- ��� �	�����%
��*�

^&_�z¦pdp{cu�´rtz��v²z¦¨¨¦w�p®r{y��¢rtcup�r{_ac%�Oc.y{§©��ytbd��v�� c½��vC�Åyt���aw�p®r{v�cuptpK��§�r{_ac½�ayt���O��p{cu�²� ��vGrty{��¨¨¦c.y�p�§©��yZ�
bd�q�qcu¨q��§O�A¿A^g�AÀ�¬�c._az}� ¨¦c�p®z¦bdz¨}��y�rt�irt_ac �	B��¢¬�cuy �)n�c �/�ac.¬�cu¨���CcE���onK�¥c.y{r{z¦vd^�cE��_ava��¨¦����zcEp��Ayt��w��
¼Òp®cuc :Â�qº��qº����qº��¢��>©Á´µZ^&_az}pi¬�c._az}� ¨¦c�º�ª�_���p{c�p{_����Oc�yt��w���_a¨¦nH� ��ytytcup{�C��v��apgr{��r{_acd��v�cZ�qcu�az}�´r{cE�T��v
��z¦��waytc <�º��Ccu¨��va��p	rt��r{_ac��.¨¦��p{pM��§ �®p{z»rM��vZrt��z¦¨��&¿A^g�AÀHfg�*¿Mp.µ�Ã[r)z}pMp®nobdbdc rty{z}����¨¦��va�����aytz¦¬Gz¦¨¦c.��cE�
��¹qz¦pgrt��«�c.v;��pgr{_ac¶�¢¹qz}p {G;

−→
k } µ�ÃÄvTrt_acK¸Cytp®r����a�ayt�È¹qzb¶�¢rtz��v�ºOz»r�piz¦vacuy®rtz¦��bd��r{ytz»¹

J
z}p��qz}������v���¨

��v��
J ≈ diag(J1, J1, J2)

µ
^&_ac�p{nqpsrtc.b � p&cu|Gw��¢rtz��v�p&w�p{cu��zvHp{zb�wa¨}�¢r{z¦��vCp���ytci��z¬�c.v%�Gn;¼ p{c.c :Â�¢��>�§©��y��qc r���z¦¨¦p�Á























(Σ1) :







ẋ

v̇

Ṙ






=







Rv

−S(ω)v − ue3 + gRT e3 + 1
mRTFae − 1

mLS(e3)Γ

RS(ω)







(Σ2) : Jω̇ = −S(ω)Jω + Γ + Mae

¼Ò����Á

ª�zr{_
� Fae

r{_ac�¬�cu� r{��y���§�� �o��y��qz¦v��¢rtcup���§ −→
F ae

c.¹o��y{cEp{p{cu��z¦vÓr{_acV�C��p{z¦p���§&r{_ac�zvacuy®rtz¦��¨Y§©y���bdc I º
ª�z»rt_ −→

F ae
rt_ac�p®w�b ��§Y��¨¦¨���cuy{�q�qnov���bZz}�iy{cE���´rtz��v�§©��yt�.cup�¼©¨¦z§¾ruºC�ayt����ºobd��bdc.vGr{w�b �qy����oÁ´º

� Mae
r{_ac�c.¹or{c.ytv���¨Îr{��y�|Gwac�zvC�qw�� cE�%�GnVr{_acEp®cA§©��y�� cEp.º

� L
r{_ac��qz}p®rt��vC� c��Oc rsª¥c.c.v�r{_�c��a¨¦��vac���§Y� ��v�rty{��¨¨¦cu�V¸�v�p���v���r{_ac�¬�c._az}� ¨¦c$� p�� cuv�rtc.y���§�b¶��ptpuµ

�M¹o��y{cEp{p{z��v�p���§
Fae

��v��
Mae

��ytcVp{�CcE� z¸�cu�Óz¦vÅ���a�Oc.vC�qz»¹Å�Kµ2<*<�µ  �zvC��r{wavav�c.¨¥bZcE��p{waytc.bdc.vGrtp
��v��T��c.yt�o�anGvC��bdz¦��bd�q�qcu¨z¦va�V§©��y�rt_az¦p��.¨¦��p{pg��§M¿i^g�AÀ²¬�cu_az¦�.¨cEp�_��È¬�c��Oc.c.vÇy{cu�C��y®rtcu�½z¦v#:Â���F>[µi�¥n
p{c r{r{z¦va�

γe := ge3 +
1

m
Fae −

1

mL
RS(e3)Γ

¼Ò����Á
rt_acgp{wa��p{nqpsrtc.b

(Σ1)
z¦vT¼ �G��Á�r���«�cEp	r{_�c�§©��ytb���§�lqnop®r{cub ¼4��Á´µ Bg�¢ª/cu¬�c.yEº��gptp{wabd�qr{z¦��v <�z}pM¬oz¦��¨}�¢r{cE�

�Ocu�u��w�p{c
Fae

�qcu�Ccuv��ap¥��vdrt_acA¬�c._�z¦�.¨c � p)��ytzcuv�r��¢rtz��vd��v��V��va��wa¨}��y)¬�c.¨¦�q� zrsn�ºo��v�����¨}p®���Ocu�u��w�p{c
Γ

z¦p

í*í Ö�G�õ�ñ�H
�
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� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

ytc.¨}�¢rtcu��r{�Kr{_aci��va��wa¨¦��y)���u� cu¨cuyt��r{z¦��v¶p®��rt_��¢r
γe

�ac.�Oc.v��ap¥��¨}p{����vdr{_�cup{cg¬¢��ytz¦���a¨¦cupuµ  iz¦pt� ytc.����v�� z¦cup
¨¦z¦«�cZr{_az}p���v�cZ�Oc rsª¥c.cuvÇrt_acdz¦�acu��¨Ybd�q�qcu¨Mw�p{cu�Ç§©��yAr{_acV�.��vGr{yt��¨Y�qcEp®z¦��v���v��Çr{_�c¶�a_onop{z}�.��¨Yp{nqpsrtc.b
ytc.��y{cEp®cuv�r���v����a�O��y{r{w�vaz»rsn½rt�%r{cup®r��onTp®z¦bKwa¨}�¢rtz��vÇrt_acdy{���aw�p®r{vacEp{pi��§/r{_acd�ayt���O��p{cu�;� ��v�rty{��¨¨¦c.y�puµ
^&_�c�� ��bd�a¨¦c rtc�¬�cu_az¦�.¨c � p�p{zr{w���r{z¦��v�¼©z4µ c�µ

x
��v��

R
Á¥z}p�bdcu��p®w�y{cE��rt����c r{_�c.y�ª�zr{_T��¨¦¨�¬�cu¨�q�.z»rsn%� ��bZ·

�O��v�c.vGrtp�¼ zÒµ c�µ
v

��v��
ω
Á µ/^&_ac�p®z¦bKwa¨}�¢rtz��v�ytcup{wa¨rtp���y{cEp®cuv�rtcu�%vac.¹Gr�_C�È¬�c��Ccuc.vH���qrt��zvacE�%ª�z»rt_½r{_ac

cEpsrtzb¶��r{cu���a_onqp®z}�.��¨�����y���bdc.r{c.y�p¥��§*r{_ac�¬�c._az}� ¨¦c���z¦¬�c.v%z¦v½^�����¨c <�µ
~Y��y���bdc rtc.y ¿M��¨w�c fgvazr
b �

kg� Eaµ �
ms−2

J1
�aµ <

kgm2

J2
��µ ���

kgm2À �aµÂ�
m^*���a¨¦c <*9Y~Y��y���bdc rtc.y�p/��§�rt_ac�¬�cu_az¦�.¨c�µ

^*�dr{cEpsrir{_acKy{���aw�p®r{vacEp{p���§	r{_ac���y{���C�Gp®cE�%�.��vGr{yt��¨¦¨¦c.y�p&ª�µ yEµ rEµ�psr��¢r{z}��bd�q�qc.¨¦z¦va�Vc.ytyt��y�p.ºqª¥cK��ptp{wabdc
rt_��¢rgr{_ac�ytcu��¨���y��È¬oz»rsn����.�.c.¨¦c.y��¢rtz��v�z}p

g∗ = 9.81 ms−2 º�rt_ac�ytcu��¨�¬�c._�z¦�.¨c � p�b¶��p{p�z}p
m∗ = 3.2 kg

º
��v���r{_ac�ytcu��¨�¬�c._�z¦�.¨c � p&z¦vac.y{r{z}�Zb¶�¢r{ytz¹�z¦p

J∗ = diag(0.13, 0.13, 0.04)
µ

�gbZ��va�ir{_ac/r{_aytc.c¥� ��v�rty{��¨�bd�q�qcup	�.��v�p{z¦�ac.ytcu��z¦v�r{_�c¥�C���Oc.yEºE�O��p{zr{z¦��v�p®rt���az¦¨z¦³u��r{z¦��v�z}p�rt_ac¥bZ�Gpsr
���q¬¢��v��.cu����vac���vC�%p{z¦bKwa¨}�¢rtz��v�p&��ytci��va¨n��ay{cEp®cuvGr{cu��§©��y&rt_az}p&bZ�q�qc�µM�a��y&r{_ac�¸�y�p®r�p{wa��p{nqpsrtc.b

Σ1rt_acd� ��vGrty{��¨¨¦c.yi��§)~Myt���O��p{zr{z¦��v;�oº�bd�q�qz¸�cu�;��pi�ayt���O��p{cu�Hz¦v�locE�´rtz��vÇ��ºÎz}p����a�a¨¦z¦cu��µ�^&_acd�qcEp®z¦y{cE�
nG�Èª ��va��w�¨¦��y�¬�cu¨�q� zrsn�z¦pZp®c.r�r{�;³.cuy{�

ωd,3 = 0
ºY��v����Ç_az¦��_�����zvÅ�.��vGr{yt��¨¦¨¦c.y�z}pK���a�a¨¦zcE�Ór{�Çr{_ac

p{cu�.��v��dp{wa��p{nqpsrtc.b
Σ2

z¦v¶��y��qc.yYrt�Kp®rt����z¨¦z³uc�r{_�ci��v���wa¨}��yY¬�c.¨¦�o�.z»rsnd�¢r)r{_acg�acup{zytcu�d¬¢��¨¦wac
ωd

ª�_���p{c
¸Cytp®r�rsª/�½� ��bZ�O��v�c.vGrtp���y{cZ��cuvac.y��¢rtcu�;�GnTr{_acZ¸�y�psr��.��vGr{yt��¨¦¨cuyuµde���r{cZr{_C�¢r�r{_�cd��_���z}� cd��§&��_�z��_
�G��z¦vV� ��v�rty{��¨¨¦c.yYz}p/_ac.ytcY�sw�p®r{z¸�cu�V�GnZrt_ac�§ ���´r)rt_��¢r

Mae
z}p)vacuz»rt_ac.y¥bdcu��p®waytcu�Zva��y)cEpsrtzb¶�¢rtcu��µY^&_ac

���a�a¨¦zcE���.��vGr{yt��¨Ort��y�|�w�cAz}p��u��¨}� wa¨}�¢rtcu�%���.�.��y��qz¦va��rt�

Γ = S(ω)Jωd − JKω(ω − ωd)
¼Ò� =�Á

ª�zr{_
Kω

�Z�O��p{z»rtz¬�c�p®nobdbdc r{ytz}������z¦v�b¶��r{ytz»¹�_�c.ytc���_���p{c.v½�qz¦������v���¨4µ
^&_ac�§©��¨¨¦�¢ª�z¦va���G��z¦v�p���vC�V§©wavC�´r{z¦��vCp���ytc�w�p®cE�
� k1 = 0.24

º
k2 = 0.08

º
k3 = 12.8

º
Kω = diag(20; 20; 20)

º
� h(s) = β√

1+β2s/η2

ª�z»rt_
β = 1.28

��v��
η = 12

º

� σ(s) = α
k1

tanh
(

k1s
α

) ª�z»rt_
α = 0.9

º

� kz = 0.8
º
hz(s) = βz√

1+β2
zs/η

2
z

ª�zr{_
βz = 0.8

��v��
ηz = 0.8

º

� p{��r
∆

��p&��z¦¬�cuv��on;¼�<u�GÁ¥ª�z»rt_
∆ = 8

º
� γd = 0

º p{��r
M

��p&��z¦¬�cuv��on�¼4����Á¥ª�zr{_
M = 50

µ
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� µτ
��p¥��z¦¬�cuv��onÓ¼Ò����Á¥ª�z»rt_

τ = 1
µ

^&_�cH����z¦v�p
k1

º
k2

º
k3

º
h(0), kz, hz(0)

_��È¬�c½�Oc.cuvò�qc rtc.ytbZz¦vacE�¯¬Gz}���Ó�O��¨¦cT�a¨}��� cubdc.vGrV�ayt�o�.c ·
�away{c��Oc.y{§©��ytbZcE����v r{_ac�¨¦zvacE��ytz³ucu�òp{nqpsrtc.b ��§Zlonqpsrtc.b,¼�E�Á �alonqpsrtc.b,¼�<F=¢Á%�¢r%r{_�c;cE|�w�z¨¦z��y{z¦wab
(z = 0, ż = 0, x̃ = 0, ṽ = 0, R = I)

zv%rt_ac�����y{r{z}� w�¨¦��y��.��p{c���§Y�dy{c.§©c.ytc.v��.cAr{y��¢�scu� r{��y{nV�.��v�p{z¦p®r{z¦va�
��§M�Z¸a¹qcu�½�O��z¦v�rEº�ª�zr{_T��¨¨*c ¹or{cuy{v���¨�§©��y�� cEp&�Ccuzv��Vvac.��¨cE�´rtcu��µ  gc.rt��z¨}p���§�rt_az}p�����zv%rtwavaz¦va�V�ayt�q� c ·
�away{c���y{c���z¦¬�cuv�z¦vH���a�Oc.v��az»¹H��µ <u�qµM^*ª¥�dp{z¦bKwa¨}�¢rtz��v%�u��p{cup&��ytc�y{cu�C��y®rtcu��µ

� 	 �  #Ò¡q� 	 Ð �  ¤��u�u¡a� 	 # 	���¡q� 	 Ð � Ð ��� � Ë�� �����
	 Ë � 	 £$# Ë ¡q�¶¡��.�E¡q� 	 Ð � ¡q  Ì � Ð 	 � ���
^&_ac�� ��vGrty{��¨Y���q�scE�´r{z¦¬�c¶z}p�rt�Tpsr����az¦¨¦z³ucdr{_ac�¬�c._�z¦�.¨c � p��.c.vGr{cuy���§�b¶��ptp

G
º	zvazr{z}��¨¦¨¦nÇytcup®r{z¦va�T�¢r

rt_acd�C�Gp®zr{z¦��v
x(0) = (8, 5,−8)T

µZ^&_�cZz¦vazr{z}��¨Y¬�c._az}� ¨¦c$� p��¢r®rtz»rtw��qc¶z}p���z¦¬�cuvÇ�on
R(0) = I3

µZ^&_�z¦p
�.��yty{cEp®�O��vC�ap�rt�Vr{_�c�cE|�w�z¨¦z��y{z¦wab$�¢r{r{zr{w��acZ��p{p{�q� z}�¢r{cE�Hª�zr{_;�V¸a¹qcu�;�qcup{zytcu�T�C�Gp®zr{z¦��vTz¦vTrt_ac¶���q·
p{c.vC� c���§gª�z¦v���µ�^&_ac½�qcup{zytcu�Å�C�Gp®zr{z¦��v°z¦p

xr = (0, 0, 0)T
µ�ÃÄvazr{z}��¨¦¨¦n�ºYrt_ac.ytc�z}pZva�Çª�z¦v���ºM��wqrd�

_���ytz³u��vGrt��¨Yª�zv��²psrtc.��¬�cu¨�q�.z»rsn
ẋf = (4, 0, 0)T

z}pKz¦vGr{yt�q�qw�� cE���Cc.rsª/cuc.v�rt_ac¶r{z¦bdc ·[zvCpsr���vGrtp
30 s��v��

70 s
ºq§©��¨¨¦�¢ª¥cu�%�on%�d¨}��yt��cuy���vac�¼

ẋf = (8, 0, 0)T
Á&r{_acuy{cE�¢§¾r{cuyuµ�^&_az}pgp{z¦bKwa¨}�¢rtz��v%ª&��pg�qc.¬oz}p®cE�

rt�Zr{cup®r�r{_�c�y{���aw�p®r{vacEp{p&��§�r{_�c��ay{���C�Gp®cE���.��vGr{yt��¨¦¨¦c.y¥ª�_ac.v½vacuz»rt_ac.y�bdcE��p{way{cubdc.vGr¥v���y�cup®r{z¦b¶�¢rtz��v
��§)��cuy{�q�qnov���bZz}��ytcu��� r{z¦��v½§©��yt�.cup�z}pi�È¬¢��z¨}���a¨¦c�µi^��¶rt_az}pg�aw�y{�O��p{c�ºOª/c�_��È¬�c�wCp®cE�

γ̂e = ge3
zvÇr{_ac

�.��vGr{yt��¨��u��¨}� wa¨}�¢rtz��v�º�ª�_�c.ytcu��p¥rt_acKytcu��¨�¬¢��¨¦wac���§
γe

z¦pg��z¦¬�cuv%�onÓ¼ ����Á&ª�zr{_
g = g∗

��v��
m = m∗ µÃ[r�b¶��r®r{cuytp���¨¦p{�%r{�½z¨¦¨¦w�psrtyt��r{cZr{_�c¶y{��¨cd��v��;z¦bZ�O��y{rt��v�� cd��§/rt_acdzvGr{cu��y��¢rt��y��qc ¸Cvacu�;�on ¼�<F=¢Á µ¶ÃÄv

rt_az}p�ytcup{�CcE�´ruºarsª/�V�.��vGr{yt��¨�¬�c.y�p®z¦��v�p���y{c�w�p{cu�%§©��y�� ��bZ�C��ytz¦p{��v%�awayt�C�Gp®cEp.µ¥^&_ac�¸�y�psri��vac��q�ocEp�va��r
z¦v��.��yt�C��yt��r{c����O��p{z»rtz��vÇz¦v�rtc.��yt��¨	���´rtz��v�µK^&_az}p�� ��y{ytcup{�C��v��ap�r{�Hp®c.r®rtzva��r{_�c�rtc.ytb¶p

z, ż, z̈
cu|Gw���¨

rt��³uc.yt��µY^&_ac�p{cu� ��v��V��vac�� ��vGr���z¦v�p/r{_ac�z¦v�rtc.��yt��¨Î���´rtz��v�ytcup{wa¨»rtzv��K§©yt��b rt_ac��.��¨}� w�¨¦��r{z¦��v���§
z
��vC�

zrtp/¸�y�p®r&��v���p{cu�.��v�����y��qc.y)r{z¦bZc.·[�ac.ytz¬¢�¢rtz¬�cup/§©yt��b ¼ <�=�Á´µY^&_ac�cu¬���¨¦wqrtz��vV��§�rt_ac�¬�cu_az¦�.¨c � p/�O��p{z»rtz��v
��v��T��r®r{zr{wC�qc�z}p�p®_��¢ª�vH��v;��z¦��waytcupA�V��v��Ç�qµ  �zr{_;�C��r{_;�.��vGr{yt��¨*¬�cuytp{z��v�puº�rt_ac��O��p{zr{z¦��vT��§Mr{_ac
¬�c._az}� ¨¦c$� p�� cuvGr{c.yg��§	bd��p{p

G
�.��vo¬�cuy{��cup/r{�V�Z¸�¹ocE�%�C�Gp®zr{z¦��v�µ B��¢ª¥c.¬�c.yEºqzv%r{_acKva��·[zvGrtc.��y���¨����´rtz��v

�u��p{c�¼ p{c.cA�*z¦��w�y{ci��Á´ºGr{_aci�C�Gp®zr{z¦��v¶cuy{yt��y/�q�ocupMv���r¥�.��vo¬�cuy{��c¥r{��³uc.yt��º��awac�rt�Kcup®r{z¦b¶�¢rtz��v¶c.yty{��ytp	��v
rt_acK¬�c._az}� ¨¦c$� p���_Gnqp{z¦�u��¨*����y���bdc rtc.y�p���vC�H�C�o��y{¨¦n�bd�q�qcu¨cE�T��cuy{�q�qnov���bZz}��ytcu���´r{z¦��v½§©��yt�.cupuµg��z��waytc
�Zp{_a�¢ª�p/r{_���r¥rt_ac�z¦v�� ��y{�O��y��¢rtz��vV��§*r{_ac��ayt���O��p{cu��zvGr{cu��y���¨���� r{z¦��v�bd��«�cEp)rt_az}p&c.yty{��y¥�.��vo¬�cuy{��c�r{�
³uc.yt��µ	e���r{c�rt_��¢r&�gptp®wabd�qrtz��v 0�� � ��§�~Myt���O��p{z»rtz��v��¶¼

lim
s→+∞

h(s2)s > |c| ºoª�z»rt_
c = γ̂e− γe

ÁYb�w�psr
�OcHp{��r{z}ps¸Ccu�Órt����w���y���vGrtc.c¶rt_acHpsr����az¦¨zrsn���§gr{_acH� ��vGr{yt��¨¦¨cE�Åp®nqp®r{cub ��v�� � ��bZ�Oc.vCp{��r{c�§©��yZ¨¦��y{��c
ª�z¦v��o·[z¦v��qw��.cu�Z�Ccuy®rtwayt���¢rtz��v�p.µ� �_acuv

η
º�r{_ac�w��a�Ccuy®·[�O��wav��Z��§

h(s2)s
º�z¦p)p®b¶��¨¦¨¦c.y	r{_C��v

10
��v���r{_ac

ª�z¦v��½¬�c.¨¦�o�.z»rsn�z¦p �{psrty{��va���¶¼
ẋf = 8e1

Á �Gz4µ c�µ�ª�_acuvHbZ�q�qcu¨z¦va�Vcuy{yt��y�p&��vHc.¹or{c.ytv���¨�§©��y�� cEp���ytc�¬�cuy{n
¨}��yt��c �gª/c/_��È¬�c/����p{c.yt¬�cE�AzvZp®z¦bKwa¨}�¢rtz��v�r{_�c¥�qz¦¬�cuy{��c.v��.cM��§qrt_ac¥�C�Gp®zr{z¦��v�cuy{yt��y��qcup{�azr{c)r{_ac¥zvGrtc.��y���¨
���´rtz��v�µ�^&_�z¦p/c ¹q�a¨}��z¦v�p)r{_aciw�p®ci��§*��¨¦��y{��c.y)¬¢��¨waci��§

η
¼©z4µ c�µ

η � <E��ÁYzv�r{_aciy{cu�C��y®rtcu�Vp{zb�wa¨}�¢r{z¦��vCp.µ
��cu�.��¨¨)_a�¢ª/cu¬�cuy�r{_���ruºY��p��az¦pt� w�ptp{cu��zv²lqwa��p{cu�´rtz��vÅ�aµ �qº	w�p{zva�T�T¨¦��y{��cZ¬¢��¨wac���§

η
_C��p�rt_ac�p{z¦�qc

�ayt�Èª�������«K��§�zvC� ytcu��p{z¦va��r{_�ciytz¦p{«d��§���c r{r{z¦va�
γ

� ¨¦��p{c�rt��³uc.yt��µ�Ã[r&��¨¦p{�K� ��vGr{ytz�awar{cup/rt�Kz¦v�� ytcu��p®cgr{_ac
p{z¦³.cA��§

γ
�ac ¸�vacE���on�¼Ò�5<ÈÁ´ºa��v��Vrt_ow�p���¨}p®��r{_�c���bd�a¨zr{wC�qc���§*r{_ac�� ��vGr{yt��¨Îzv��awqrtp��ac ¸�vacE���on�¼Ò����Á´µ

^&_�z¦pizvTr{waytvTz¦v�� ytcu��p®cEp&r{_ac�y{z}p{«���§)p{��r{way��¢rtzva�Vr{_acZ���´rtw��¢rt��y�p.ºCª�z»rt_T«ova�¢ª�vT��ptp{�o�.z¦��r{cE�H�qcup®rt���az»·
¨¦z¦³.z¦va�Vc �Îcu� rtpuµ�^����.��bd�a¨¦n�ª�zr{_T���´rtw��¢rt��y�p��C�¢ª¥c.yg¨z¦bdz»r��¢r{z¦��vCp.ºO�Vp®b¶��¨¨*¬È��¨w�c���§

η
z¦pg�ay{c.§©c.y����a¨¦c�º

��v��drt_az¦p&z¦vVrtwaytv�bdz¨¦zrt�¢rtcup¥z¦vV§ �È¬���y)��§�r{_acA��va·4¨¦zv�cibdcu��p®w�y{cubZcuvGr)��y¥cup®r{z¦b¶�¢r{z¦��v���§�rt_ac����a����y{cuvGr
���.�.c.¨¦c.y��¢r{z¦��v

γe
µ&ÃÄv :2<E�F>��V_az��_H����zv½���Cp®cuy{¬�c.y���§	rt_az¦p�§©��y�� c��C��p{cu�%��v½rt_ac�bdcu��p®waytc.bdcuv�ri��§	r{_ac

¬�c._az}� ¨¦c$� p¥r{y���vCp®¨}�¢rtz��v���¨Î¬�cu¨�q�.z»rsn
ẋ

��v�����ytzcuv�r��¢rtz��v
R
º���v���r{_�c�r{_aytw�p®r�zvGr{cuv�p{z»rsn

T
z}p��ayt���O��p{cu��µ

��z¦��waytc��Kp{_a�¢ª�p/p®z¦bKwa¨}�¢rtz��v¶y{cEp®w�¨»r�pM��§�rt_aci�.��vGr{yt��¨¦¨¦c.yMª�zr{_�zvGr{cu��y���¨��.��yty{cE�´rtz��v�º�ª�_acuvVw�p{zv��Kp®wC��_
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��vH����p{c.yt¬�cuyuµ�lob¶��¨¨¦c.yi¬È��¨w�cup���§
η

��v��
∆

��rt_acK¬¢��¨¦wacK��p{p{�q� z}�¢rtcu�½ª�zr{_Hrt_ac�§©wavC�´r{z¦��v;p{��r
∆
�Ó¼ zÒµ c�µ

η = 6
º
∆ = 1

Ái��ytc���¨¦p{�����a�a¨¦zcE��µK^&_acZ�Cc.r®rtc.yAr{y�����«oz¦va���Oc.y{§©��ytb¶��v��.cK��§)r{_az}p�� ��vGrty{��¨¨¦c.yEºCª�_�z¦��_
z}p���¨}p®�%w�p{cu�;zv;r{_�cZv�c ¹or�p®z¦bKwa¨}�¢rtz��v;�u��p{c�º�p{_a�¢ª�vTrt_acdzvGr{cuy{cEpsr���§&� ��bZ��¨cubZcuvGr{z¦va��rt_acdzvGrtc.��y���¨
�.��yty{cE�´rtz��v���� r{z¦��v%ª�z»rt_%r{_ac�cEpsrtzb¶�¢rtz��v���§�rt_ac����a�C��ytc.vGr����.�.c.¨¦c.y��¢rtz��v�µ

� 	 �  #Ò¡q� 	 Ð � � ¤ �  ¢¡�� Ë £�� Ð   Ì �u È¡�£ � 	 ��� Ï 	©� � �u�.  Ð���� 	 ¡q  	 ¡q� # ËRÏ 	 � Ñ�� # ¡q  �OË 	 � 	 � 	 ¡ #
� Ð �
	©�
	 Ð��°Ë  È  Ð  ��	¡ � Ñ Ð ��Í #�	 ��Ë%Ë �u� 	 �Å¡q� 	 Ð �°Ð �g¡ Ë   Ð Ñ Ì � ¡ � 	Ò£ � Ð  È£ Ë ���

^&_ac��.��vGr{yt��¨Î���q�scu� r{z¦¬�c�z¦p¥rt�dr{y�����«drt_ac�§©��¨¦¨�¢ª�z¦va�dytc §©c.ytc.vC� cir{y��¢�scu� r{��y{n

xr(t) = (10 cos(πt/10), 10 sin(πt/10),−t)T

^&_�cAz¦vazr{z}��¨Î¬�cu_az}� ¨¦c$� p/�O��p{zr{z¦��v½��v����¢r®rtz»rtw��qc���y{ci��z¦¬�c.v��on
x(0) = (45, 50,−10)T

��v��
R(0) = I3ytcup{�Ocu�´rtz¬�c.¨¦n�µ	ÃÄvGr{cu��y���¨�� ��y{ytcu� r{z¦��vVz¦v½�C�Gp®zr{z¦��v%z¦p&wCp®cE��µM^��Zrtcup®r�r{_ac�yt���awCpsrtvacuptp¥��§�rt_ac�� ��vGr{yt��¨¦¨cuy

ª�µ yEµ rEµT��c.yt�q�qnov���bdz}�d�Ccuy®rtwayt���¢rtz��v�p.ºY���{p®r{yt��va� �Z¬¢��ytz¦���a¨¦cVª�zvC��z¦p�p®z¦bKw�¨¦��r{cu�Óª�zr{_²¬�c.¨¦�q� zrsn;z¦vq·
rtc.v�p{zrsnZ¬¢��y{z}�¢rtz��v�pMytc.�aytcup{c.vGrtcu�d��v��*z¦��w�y{c��oµM���´rtw���¨Î��v��Vcup®r{z¦bd��r{cE�V���a�C��ytc.vGr¥���.� cu¨cuyt��r{z¦��v�p)��ytc
p{_a�¢ª�v���v²��z��way{c%�qµÓÀ�z¦bZzrt��r{z¦��v�p���§�rt_ac½���´rtw��¢rt��y�p���ytc���¨¦p{�Tr���«�cuv�zvGrt�;���u� ��wavGrK�onÓpt�¢rtway��¢r®·
z¦va�Hrt_ac����a�a¨¦zcE��r{_aytw�p®rK§©��y�� cV��v���r{��yt|Gwac�� ��bd�O��vacuvGrtp����.� ��yt�azva�½rt�Hr{_�c¶§©��¨¦¨�¢ª�z¦va�Hz¦vacu|Gw���¨zrsn
�.��v�p®r{y���z¦vGrtp

0 ≤ T ≤ 1.8m∗g∗ = 56.5, |Γi=1,2,3| ≤ 0.3TL
^&_�c�� ��vGr{yt��¨�ytcup{wa¨rtpi��§)��z��waytc =dz¦¨¨¦w�p®r{y��¢rtc�r{_ac�y{���aw�p®r{vacEp{pg��§Yrt_ac��.��vGr{yt��¨¦¨cuy�ª�µ yuµ ruµApsrty{��va����vC�
y�����z¦�q¨¦n²¬¢��y{noz¦va��ª�zvC�o·4z¦v��qwC� cu�¯�Oc.y{r{w�y{����r{z¦��v�p���v�� bd�q�qc.¨¦z¦va�Åc.ytyt��y�p.µ�^&_acHrtyt����«Gz¦va�Ó�O��p{z»rtz��v
cuy{yt��y�pZ�qcu�.y{cE��p{c���¨¦bd��p®r¶¨z¦vacu��y{¨¦nÓ§©yt��b ¨}��yt��c%zv�z»rtz¦��¨�¬È��¨w�cup¶��vC�²ytc.b¶��z¦v¯p®b¶��¨¦¨&r{_�c.ytcu�¢§¾rtc.yH¼ p{c.c
��z¦��waytc�=

.c
Á´µ��¥r�rt_ac¶�Ccu��z¦vavaz¦va�H��§/r{_acVp{z¦bKwa¨}�¢rtz��v�º*�qw�c�rt�½r{_acVp{b¶��¨¦¨Y¬¢��¨¦wac¶��§

η
¼©z4µ c�µ

η = 6
Á º

rt_acdr{_�y{w�p®r�zv��awqr�ytc.b¶��z¦v�p�wav�pt�¢rtway��¢r{cE�²¼Òp®cucd��z¦��waytc�=
.e
Ái�acup{�az»rtc¶¨¦��y{��cKz¦vazr{z}��¨M�O��p{z»rtz��v;cuy{yt��y�puµ

^&_�c�p{��r{way��¢rtz��v;�q�u� wayty{z¦va�½¨}�¢r{cuy���vÅ�away{z¦va�Tp{_a��y{r�r{z¦bdcVz¦v�rtc.yt¬¢��¨}p.º���pK�H�.��v�p{cu|Gwacuv�� c¶��§&p®r{yt��v��
ª�z¦v��o·[��wCpsr�p.ºq¨¦z»r{r{¨¦c�� �Îcu� rtp¥r{_�c��¢¬�c.y���¨¦¨Or{y�����«oz¦va���Oc.y{§©��ytb¶��v��.c�µ
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Fig. a) Position tracking error
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Fig. b) Euler angles
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��z¦��waytcH�59½¿Yc._az}� ¨¦c$� pd�O��p{z»rtz��v ��v��²��r®r{zr{wC�qcH¬qp.µ°r{z¦bdc�µ���z»¹qcu� �qcEp®z¦y{cE�Å�O��p{z»rtz��v�µ¯e��ÓzvGrtc.��y���¨
�.��yty{cE�´rtz��v���vC�
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Fig. b) Euler angles

t (s)

x̃ (m)

x̃1 : −
x̃2 : −−
x̃3 : .−
t (s)

φ, θ, ψ (o)

φ : −
θ : −−
ψ : .−
t (s)

x̃ (m)

x̃1 : −
x̃2 : −−
x̃3 : .−

t (s)

φ
,
θ
,
ψ

(o
)

φ : −
θ : −−
ψ : .−

��z¦��waytc¶� 9�¿Yc._�z¦�.¨c � p��O��p{zr{z¦��v���v����¢r{r{zr{w��ac¶¬opuµdr{z¦bdc�µ���z¹qcu�Ó�qcup{z¦y{cE�Ç�O��p{z»rtz��v�µ� �zr{_ÓzvGrtc.��y���¨
�.��yty{cE�´rtz��v�º

η = 12
ºq��v��

∆ = 8
µ
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Fig. b) Euler angles
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í*í Ö�G�õ�ñ�H
�

in
ria

-0
02

58
09

2,
 v

er
si

on
 2

 - 
28

 F
eb

 2
00

8



��� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

0 10 20 30 40 50 60 70 80 90 100
−10

−5

0

5

10

15

t (s)

ẋ
f
(m
s
−

1
)
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Fig. a) Real apparent acceleration
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Fig. b) Estimated apparent acceleration
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Fig. a) Projected trajectories on a horizontal plane
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Fig. b) Projected trajectories on a vertical plane
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Fig. c) Position tracking error
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Fig. d) Euler angles
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Fig. e) Thrust control input
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Fig. f) Torque control inputs
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��z¦��waytc =�9��ip{�.c.v��azva��ytc §©cuy{cuv�� cYp{�az¦yt��¨���v��A¬�c._az}� ¨¦c$� pÎr{y��¢�scE�´rt��ytn�zv�rt_acM�aytcup{c.vC� c	��§ap®r{yt��va�&¬¢��ytz¦���a¨¦c
ª�z¦v��T��v��H¨}��yt��c�z¦vazr{z}��¨	�O��p{z»rtz��vTc.yty{��ytpuµ � ��vGrty{��¨�ª�zr{_Çz¦vGr{cu��y���¨*�.��yty{cE�´rtz��v�º

η = 6
º
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^&_�z¦pZ�����Ccuy¶z¦pd��v¯�¢r{r{cubZ�arZrt��p{c rdrt_ac%§©��wav����¢r{z¦��vCp���§A�;��cuvac.y���¨&���a��y{�G����_�rt�;rt_acH� ��v�rty{��¨/��§
��¨}��yt��c�§ ��bdz¨¦nT��§)r{_aytw�p®r®·[�ay{���Ccu¨¨¦cu�Çwav��qcuyt���´rtw��¢rtcu�T¬�c._az}� ¨¦cupuµ  ic.¬�c.¨¦���az¦va�%���.��vGr{yt��¨�r{_�c.��ytn%§©��y
¬�c._az}� ¨¦cupdp{c.cubZz¦va��¨n²��pd�qz �Îc.ytc.vGrV��p¶��v°�q�.cu��v p®_�z����vC�°�Óp{�����.c�yt�q��«�c rdb¶�Èn�º¥�¢rd¸�y�psr¶��¨}��vC� c�º
���a�Ocu��y�§ ��y{·Ò§©c.rt��_acE�H��v��Hw�vay{cE��¨¦z¦p®r{z}��µ Bg�¢ª/cu¬�cuyuº���� ¨¦��p{c.y�¨¦�o��«½�¢r�rt_acKwav�z»§©noz¦va��bd�q�qc.¨�cu|Gw���r{z¦��v�p
��§)rt_acup{c¶p®nqp®r{c.b¶p��aytz¦va��pAc.¬oz}�qc.vC� cdr{_C�¢r�r{_ac¶z}�qcE��z}pAr{cE��_avaz}�.��¨¨¦nTytc.¨¦c.¬¢��vGruµd^&_acdz¦vaz»rtz¦��¨)p®rt����c���§
rt_az}p)ª¥��yt«K¨¦����z¦�u��¨¦¨nK§©�o�.w�p{cu�¶��v¶���¢rt_ac.ytz¦va��z¦vq§©��ytb¶�¢r{z¦��vd§©yt��b r{_�cgc ¹qz}psrtzv���y{cu¨¦��r{cE�d¨zr{cuyt��r{waytcg��vC�
c.¹or{y����´rtzv���rt_ac¶c.¨¦c.bdcuv�r�p.º��¢r�rt_ac¶bd�o�ac.¨¦zva�T��v��Ó� ��v�rty{��¨	¨cu¬�c.¨}puº���v�ª�_az}��_��½y{cE��p{��v����a¨nHp{��wavC�
rt_ac.��y{nZ� ��wa¨¦�d�Ocgª¥��yt«�cE�K��wqruµY�gbZ��va��r{_�c.b½ºGr{_ac��C��p{z¦����y{z¦v�� z¦�a¨¦cg���u� ��yt�qz¦va�Ar{�Kª�_az¦��_drt_ac�rt_aytw�psr
�azytcu� r{z¦��v�_C��p/r{�d�Oc�bZ��vazr{��ytcu��zv%��y��qcuy)rt�d��¨¨¦�¢ª�§©��y/rt_ac�� ��bZ�Oc.vCp{��r{z¦��v���§�rt_ac�y{cEp®w�¨»r���vGr¥��§�c ¹o·
rtc.ytv���¨Î§©��yt�.cup&_���p��Oc.c.v%rt_ac�¨¦cu���azva�d��waz¦�ac�µ � ��vGr{yt��¨Î¨¦�Èª�pg� ��vC� c.z¦¬�cE�V§©��y�zvC� ytc.bdc.vGrt��¨¨¦n��.��bd�a¨¦c ¹
���q�scu� r{z¦¬�cEp.º�yt��va��z¦va��§©yt��bR�s�¢nqpsrtz¦��«G·Ä��wa��bZcuvGr{cu�q·[�.��vGr{yt��¨G��§�rt_acg¬�c._az}� ¨¦c$� p)��r®r{zr{wC�qcgrt�K��war{��v���bd��w�p
rtyt���scu� r{��ytndr{y�����«oz¦va��ºo_��È¬�ci�Oc.cuvH�qc.ytz¬�cu��ª�z»rt_%r{_acKp{wa�a�O��y{r���§	y{z¦����y{��w�p¥À�n����awava�¢¬Vp®rt���az¦¨zrsn���vC�
�.��vo¬�cuy{��c.v��.c¥��v���¨¦nqp®cEp.µ	^&_ac�w�v��È¬���z¦�a���az¦¨zrsn���§�z¦bd�ay{cE� z}p®cgbZ�q�qcu¨z¦va�K��v�� �¢��yYbdcu��p®waytc.bdcuv�rM��§�r{_ac
c �OcE�´r�p���§&rt_ac�cuvG¬oz¦y{��vabdc.vGr���vÓrt_acV¬�c._az}� ¨¦c$� pK�qnov���bdz¦�up�nozcu¨¦�ap�r{_ac�vacu�.cuptp®zrsnÇ��§�c �Îcu�´rtz¬�cVz¦v�rtc ·
��yt��¨O��v�����vGr{z¦ª�zv��awa���.��yty{cE�´r{z¦��vVr{c.ytb¶p.ºoª�_acuy{cE��p)r{_az}p¥rsno�CcA��§�� ��ytytcu�´rtz��vVz}p/��§¾r{cuv��¢¬�cuy{¨¦�o��«�cu�dz¦v
b¶��vGnZva��va¨z¦vacE��y)�.��vGr{yt��¨�p®r{wC�qzcEp.µ)�ivdrt_acg��r{_acuy)_���v���º�r{_acg�.��v��.c.ytv¶��§���cuvac.ytz}� zrsn���vC�¶��cuvac.y���¨¦z»rsn
z¦v��qwC� cu�d���.c.y{rt��z¦vZvGw�bK�Oc.yM��§Îp{zbd�a¨¦z§©nGz¦va����p{p{wabd�qr{z¦��vCp.µ	�a��yYzv�p®rt��v�� c�º�rt_ac�c ¹qz}psrtc.v��.c&��§��¢r®rtz»rtw��qc
�.��vGr{yt��¨Î��� r{w���r{��ytp/c.va��wa��_%�O�¢ª/cuy®§©wa¨Ort���¢¬�c.y�� ��bdcic.vo¬ozyt��vabdcuv�r���¨O�Ccuy®rtwayt���¢rtzva��r{��yt|GwacEp¥ª¥��p¥��ps·
p{wabdcu��µ� ic.ytz¬oz¦va�V��vT���a�ayt������_%��p�¨zr®rt¨c��qc.�Oc.v��ac.vGri��pg�C�Gp{p{z¦�a¨c���v½¬�c._�z¦�.¨c��C��y{r{z}� wa¨}��ytz»rtzcEp&���ocup
ª�zr{_²r{_ac½�qcE� ��w��a¨z¦va�;��§�rt_ac%�.��vGr{yt��¨¥��y���_azr{cu� r{waytcVz¦vGr{��zvav�c.yZ_���y��qª&��ytc ·Ä�qc.�Oc.v��ac.vGr���vC�Å��war{c.y
�.��vGr{yt��¨	¨¦�o����puµ¶^&_ac¶psrtw��qnT§©�q�.w�p®cE�Ç��vÇrt_ac¶¨}�¢r®rtc.y���vac�º���v��;r{_ac¶�È¬¢��z¦¨}���az¦¨zrsnT��§/¨¦�¢ª&·4¨¦c.¬�c.¨Yp®cuy{¬��
bdcE��_���vaz}p{bdp)zv���_���yt��c���§�c �Îcu�´rtz¬�c.¨¦nd�ay{�q�qwC� z¦va��rt_aci�qcEp®z¦ytcu�Zr{_�y{w�p®r¥§©��y�� c�z¦vGr{c.vCp®zrsn¶��v��V��va��w�¨¦��y
¬�c.¨¦�q� zr{z¦cup���r{_�cA�qc.r{cuy{bdz¦v��¢rtz��v���§*ª�_az¦��_½� ��v�p®r{zr{wqrtcup/r{_ac�� ��y{cA��§�r{_acA�ayt���O��p{cu�Vytcup{wa¨rtp �Zª&��p/va��r
�az¦pt� w�ptp{cu�V��yuºGcu|Gwaz¦¬¢��¨¦c.vGr{¨¦n�ºqª&��p¥��ptp{wabdcu��µY��v���r{_�c.y&zbd�O��y{rt��v�r���ptp{wabd�qr{z¦��v��.��v��.c.ytv�p)r{_ac��È¬¢��z¦¨»·
���az¦¨zrsn½��§/p{c.v�p{��y�p���y{�¢¬oz}�qzv��V��vq·[¨¦zvac�bdcu��p{waytc.bdc.vGr�pg��§Yr{_acZ¬�cu_az¦�.¨c � pi�O��p{c%¼ �C�Gp®zr{z¦��v �A��r®rtz»rtw��qcEÁ
��v��Å��§�r{_�c½�.��yty{cEp®�O��vC�qzv��Ç¬�cu¨�q�.z»rsn�� ��bd�C��vac.vGrtpuµ  ic.�Oc.v��azva�Ó��vÅr{_�c%¬�c._az}� ¨¦cupd��v���rt_ac.z¦yV�q��·
b¶��zv�p���§	���Oc.y��¢r{z¦��v�ºor{_az}p�bdcu��p®waytc.bdcuv�r �ÈcEpsrtzb¶�¢rtz��v�ytcu|Gwaz¦ytc.bdc.vGr��.��v��OcK� ytzr{z}�.��¨4µ � ¨¦cu��y{¨¦nVcu����_
��§Yr{_acEp®cZp®z¦bd�a¨¦z»§©noz¦va����p{p{wabd�qr{z¦��vCp�vacucu�apgr{���Cc�y{c.·4cu¬È��¨wC�¢r{cE�½ª�_ac.v;� ��vCp®z}�qc.ytz¦va����v;���a�a¨¦z}�.�¢rtz��v
��v;���a_onqp®z}�.��¨	p{nqpsrtc.b½µ�^&_�c.nT� ��v�p®r{zr{wqrtcd�.��bd�a¨¦c.bdc.vGr���ytn%ytcup{cu��yt��_Tr{����z¦�upg§©��y�c ¹qz¦p®r{z¦va�½��v��Ç§©wq·
rtwaytcT�qc.¬�c.¨¦���abdc.vGr�p.µ� ;cÇ��¨¦p{��c.vo¬oz}p®z¦��v°rsª/��z¦bd�C��y®r���vGrVc ¹ortc.v�p{z��v�pdrt��r{_az}pVp®r{w��an�µ�^&_ac½¸�y�psr
��vacH� ��v�� cuy{v�pZrt_acÇ��p{p{wabd�qr{z¦��v¯���u� ��yt�qz¦va�;r{��ª�_az}��_¯c.vo¬ozyt��v�bZcuvGrt��¨��ayt���;§©��yt�.cupd��va¨n°�qc.�Oc.v��
��vTrt_acd¬�c._�z¦�.¨c � pA¬�cu¨�q�.z»rsn�µKÃ[r�z¦pAvacE� cEp{pt��ytn%r{�½y{cu¨¦��¹½r{_az}p���ptp®w�bZ�ar{z¦��vT§©��y���vowab��Ccuy���§/¬�c._az}� ¨¦cup
�q��cuy{���a¨¦��vacupKp®wa��bZzr®rtcu�²r{��¨z§¾rd§©��y�� cEp��qcu�Ccuv��qz¦va�Ó��v�rt_acH��va��¨c���§i��r®r�����«Îº	§©��ydz¦v�psr���v��.c�µÅ^&_ac
��r{_acuyM��v�cg� ��v�� cuy{v�pYr{_ac��O��ptp{z�az¦¨¦z»rsnZ��§�ytc.bd�¢¬ozva��rt_acg��p{p{wabd�qr{z¦��v¶��§�va��v¶³uc.yt��·Ä� yt��ptp®z¦va�gw��C��v¶r{_ac
p{��·Ä�.��¨¨¦cu� �{���a�C��ytc.vGr/���u� cu¨cuyt��r{z¦��v � ��r{_�cgytcup{wa¨»r���vGr)��§�c ¹or{cuy{v���¨a§©��yt�.cup)��v��V�qcEp®z¦ytcu�V���.� cu¨cuyt��r{z¦��v�p �
¬oz}�Hbd��ytcVz¦vG¬���¨¦¬�cE��º*v���vq·Ä� ¨}��ptp®z}�.��¨Òº�� ��v�rty{��¨Mrtcu��_avaz}|Gwacup���z¦bdzva�;�¢rKrt_ac�w�v�� ��v��qzr{z¦��v���¨)�ay���� r{z}�.��¨
p®rt���az¦¨zrsnK��§Crt_acgp{nop®r{cub : <8EF>[µ	�/cEp®z}�qcEp	r{_acEp®c��.��v��.c.�qrtw���¨C�qc.¬�c.¨¦���abdc.vGr�p.º��.��v��aw��´rtzva��c.¹q�Ccuy{z¦bdc.vGrtp
��v��a_onqp®z}�.��¨�p{nop®r{cub¶p.º¢p{w���_K��p�r{_ac¥¿i^g�AÀ ��Bg�¢¬�c.y��Mn�c �M�qc.¬�c.¨¦���Ocu���on��/cuy®rtzv�^*cu��_�va��¨¦����zcEp �Ay{��wa��º
z}p/zv��az¦p{�Ccuv�pt���a¨¦cgrt���.��v�p{��¨¦z¦���¢r{c�r{_acAy{cEp®w�¨»r�p)��§�r{_az}p&psrtw��qn�ºoª�zr{_�y{cEp®�Ocu� r)r{�d� ¨}��z¦b¶p)��§�y{���aw�p®r{vacEp{p
��v����Ccuy®§©��y{b¶��vC� c�zv%����y®rtz¦�.wa¨¦��yuµ

ë©ì�í�ë¾î

in
ria

-0
02

58
09

2,
 v

er
si

on
 2

 - 
28

 F
eb

 2
00

8



���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� �&E

� ���¢�&�	����(¥���

:2<'>�hÅµ �Cµ�����³.wa�V��v�� �gµ ��µOÀ���y{y����Oc.c�µ � 0�����
2(����
�/�+( �'0�
 0�� ��(��%! ���������	��
 µ � ��b��aytz¦�q��cAfgvaz¦¬�c.y�p{z»rsn
~)y{cEp{puºap®cE� ��v���cE�qzr{z¦��v�ºC�����G�qµ

: ��>��Cµ ��µg��³uzv�_ac.z¦yt��º���µAhH��wqrtzv�_a��º���v�� �gµ � µ  gcÅ~Y��z¬¢�aµ$�gzy�p{_az��_��¢¬�c.yHp®rt���az¨¦z¦³u�¢rtz��v2wCps·
z¦va�Ó�T������«qpsrtc.�a�az¦va��� ��vGrty{��¨/�����ay{�G����_�µ�� ���5���%(�
�������501!*(��%),� �������/���	��
� (���! � ����(�� 01)�� º
�&E�¼ �GÁ�9 E���� �5E <.�CºG��������µ

: ��>�l�µo�¥cuy®rtyt��v���º�^�µ�Bg��bdc.¨4ºo��v�� B�µo~Mz¦c r{·[À*��_���vaz¦c.yEµ�lort����z¨¦z³E�¢rtz��vV��§���p®b¶��¨¦¨�w�vab¶��vavacE�V��cuy{z}��¨
¬�c._az}� ¨¦cgbd�q�qcu¨Oª�zr{_���wqr&¬�cu¨�q� zrsnZbZcE��p{waytc.bdc.vGruµ�ÃÄv ���	�
� � ���8

�
��� � � �,����01)�� (���!
� �5�+��� (��

��01��� ºa������cup =��¢� � =��&Eaº������ =qµ
: �&>���µ ~	µ)�¥����p.º���yEµ¦º/��vC�°h�µ �AµMhT��y�� wCp.µ°ÃÄvG¬�c.y�p®c�§©wav�� r{z¦��v�p¶��v��°zvGr{cu��y��¢rtz��v²�onÅ����y®r�p.µ ��� �

� � �'��01)�(�� � (�� � � � (���01)�(�
 � ����� ��
�� ºO� <�¼6=�Á�9 =���� ��=¢��<�º <?E =È�Cµ
: ��>��¥µOÀ�c��¥yt��p.ºa^�µ/Bg��bdcu¨Òº���v��½��µChÇ��_a��vGn�µY¿gz}p®wC��¨�p{c.yt¬���y{z¦va�Z��§Y��¬Grt��¨�¬�c._az}� ¨¦c�w�p{zva�¶¬oz¦y®rtw���¨

p®rt��r{cEp.µYÃÄv ���
�	� �����?
�

��� � �,)'0 �,01��� (��%! � �������	��
 ºa������cup&�����G� �o������=qº������ =oµ
: ��>��¥µOÀ�c��¥yt��p.ºC��µ�hT��_a��von�ºC^�µ�Bg��bZcu¨ÒºO��v��%~	µC�¥z¦vac r{r{z4µ¥�������qrtz¬�c�¸�¨»rtc.ytzv��V��v��%z¦bd����c�����p®cE�

¬oz}p®wC��¨�p®cuy{¬��Å� ��vGrty{��¨���§K�°�qw��´rtcu�¯§ ��v�±�noz¦va�²yt���O��rEµ ÃÄv ���	�
� �����8
�

��� � �,)'0 �,01��� (��%!
���������	��
 ºC������cupC<F=��5< � <F=��*=qºq�������aµ

: =F>��Aµ��Yrt«ozvÓ��v���ÀMµ  �µ���c.z}��µ � ���%( � 01)�� �� � 
 0 �?�5� � �/�+( �'0�
 0�� � (��%!.�����/������
 µ�����_av  �z¦¨cunÇ��vC�
lq��v�puºqr{_�zy���cE�qzr{z¦��v�º <?E&E��aµ

: ��>�^�µ Ã´µ�����ptp®cuv�µ � �501!*(���)�� (��%!�),�������	��
��� �8),�,(�� �F�,��01)'
2��� µ� �z¦¨cun�º <?E&E��Cµ
: E�> �gµ&��yt��³.³u��¨¦zÒº�h�µ  A��_a¨¦c._2h�µ¥�KµºA��v�� ��µ¥��c.yt��v�µ ��cu��¨»·4r{z¦bdcÇbd��rtz��vò�a¨}��vav�zva�Å§©��y½����z¦¨¦c

��wqr{��va��bd��w�p�¬�cu_az}� ¨¦cupuµ � � � � � ���5���%(�
 � � �501!*(���)�� ���������	��
�(��%! � ���%(�� 01)�� ºM���a¼ <ÈÁ�9 <&<E� �
<È��E�º������G�qµ

: <u��>���µ���y{cuc.b¶��vÅ��v��ÅÀMµ*~My���¨¦n�µHÃÄvGr{cu��y��¢r{��y�������«op®r{cu�a�az¦va�½§©��y��C��wav��qcE�Å� ��vGr{yt��¨}p���v����.��vGr{yt��¨
y��¢rtcupuµ����
�
� �5��(�� �

�
��� � �5�+��� (���01) �����/���	��
 ºa�G��¼Ò��Á�9Â����� �q�����aº <8E*E��aµ

: <&<'>�^�µ%Bg��bZcu¨ÒºO��µChÇ��_a��vGn�º���µOÀ���³E��va�Cº���vC���CµÎ�Ap®r{yt�¢ª�p{«Gz4µ  inov���bdz}��bd�o�ac.¨¦¨z¦va�V��vC�H� ��va¸���wq·
y��¢rtz��v%p®rt���az¦¨z¦³u��r{z¦��v�§©��y���v�¹q��·4±�n�cuyuµ�ÃÄv � � � ��� ����
2! ����� �&�	���,� º��C����cEp��������q� <E�qºo�������qµ

: <E��>��Cµ5Bg��w�p®cuyuºqlÎµqlq��p®r{ytn�ºo��vC� �ZµqhHc.n�c.yEµ�e���v�¨z¦vacu��y/�.��vGr{yt��¨O�qcup{z��v¶§©��y&p{¨z¦��_Gr{¨¦ndva��va·4bdz¦vazb�wab
��_���p{c�p®nqp®r{c.b¶p89M���a��¨z}�.��r{z¦��v�r{�¶¬ �¢p®r{��¨Òµ � �5�+��� (���01)�( º�����9 �G�5< �q� =��aº <?E&E��aµ

: <u��>�hÅµ ·  Kµ B�w���º�~	µ�hH��y{z¦v�º���v�� � µ�lq��bdp{��v�µ��&��¨}��v��.cu�o·4§©��y�� c.·[�.��vGr{yt��¨�§©��yYwav��ac.y����´rtw��¢rtcu�Kr{_aytw�p®r®·
��y{���Ccu¨¨¦cu�%¬�cu_az}� ¨¦cupuµ�ÃÄv ���	�
� �����?

�
��� � �,)'0 ��01��� (��%! � �������	��
 º�������cup&������� �o������<�º������ =qµ

: <.�&>��Kµ¢Ãsp®z}�q��y{z4º¢ÀMµ¢hT��y�� ��vaz4ºÈ��v��K�Kµ�loc.ytyt��vaz4µ � � �'���,� (��5�6���%� � ����� �&�501!&(��%),�	� (�� 0����+������(�
�� �8!*��

(,�&���	�8(*)�� µ/���q¬¢��v�� cEp�zv%z¦v��qw�p®r{ytz¦��¨�� ��vGr{yt��¨4µqlq�ay{z¦va��c.y&¿Yc.yt¨¦����º���������µ

: <E��> BKµ �dµ���_���¨¦z¨4µ�� ����
 0�����(�� � �F�,�+� � � µY~Mytc.vGr{z}� c Bi��¨¦¨Òºqrt_az¦yt�%cu�az»rtz��v�º��������qµ
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��� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

: <u��>�À)µqÀ�z¦�Ccuyt��º �Cµ � ��¨¦�C��way{v�c�ºoh�µG^&z}pt��_a¨cuyuºoh�µqhT��v�p®w�yuºoh�µq����rt«��¢ª�zr{³�ºG��v��¶~	µo~	��rt��va��waz4µ�^&_ac
bdz}� yt�A�.yt��§¾rYz¦p®rt��y�bdz}� yt��·Ä��z¦y�¬�c._az}� ¨¦c&9 � ��vGr{yt��¨op®nqp®r{cub��qcup{z¦��v���v��Kr{cup®r{z¦va�CµqÃÄv � �/����(�
 � �������
�� � � � � � �'��01),(�� � ��
 01)��,�%�+��� �D�8)'01�'� � ºC������cupC< ��<&<�ºa����� <�µ

: <F=F>�À)µOhÇ��y�� ��v�zÒºO��µ�Ãsp{z}�q��ytzÒºO��v��Ç��µ�loc.ytyt��vaz4µ&�gwqr{��va��bd��w�p�¬�c.y{r{z}�.��¨�¨¦��v��qz¦va�V��vT��vH��pt� z¦¨¨}�¢rtzv��
��¨¦��r®§©��ytb 9M��v%zvGrtc.ytv���¨·4bd�q�qcu¨�����p{cu�%���a��y{�G����_�µ � �5�6� � (���01),( ºC��� 9Â�5< �o�G�qºG�����G�qµ

: <u��>��Kµ)hHz}�.��c.¨¦¨z���vC� � µ)lq��bdp{��v�µ²^�y��¢�scE�´rt��ytn;rtyt����«ozva�Ç§©��y¶wav�z¦�.no�.¨c.·Òrsno�Oc%��v���rsª¥��·Äp®r{c.cuy{z¦va��·
ª�_�c.c.¨}p�bd����z¨¦c�y{���C��rtpuµY^�cE��_avaz}�.��¨*��c.�O��y{rg���&E�=oºoÃseg��Ãs��ºO������<�µY��¬¢��z¨}���a¨¦c��¢r�_Gr®rt� 9 �$�Èª�ª�ª&·
p{����µ z¦vaytz¦��µ §©y �Èy����a�O��y{rtp��¢p{����_az¦� �¢����·Ä���&E*=qµ _Gr{bd¨4µ

: <8E�>A~	µ)hT��ytzv¯��v�� � µ)lq��bdp{��v�µ � ��v�rty{��¨&ª�z»rt_²rtyt��v�p®¬�c.y�p®c�§©wav�� r{z¦��v�pV��v�� ��p{z¦va��¨¦c���c.vacuyt��r{��y
��§Mwav��qcuyt���´rtw��¢rtcu�½bdcu��_���vaz}�.��¨*p®nqp®r{c.b¶puµ�ÃÄv ���	�
� �����8

�
��� � �,)'0 �,01���#(���! ���������	��
 ºO������cup

��<&<E� �o��<&<È�qºG�������aµ
:Â����>��KµqhH��wqrtzv�_a�K��vC� ��µ ��µo��³uzva_�c.z¦yt��µ�lort����z¨¦z»rsn¶��v��¶yt���awqrtvacuptp)��v���¨¦nqp®z}pY��§�r{_acA��wayt��y�����z¦ytp{_az¦�

�.��vGr{yt��¨�p®nqp®r{cub w�p{z¦va���qnov���bZz}��z¦vo¬�cuytp{z��v�µ&ÃÄv ���	�
� � ���8
�

��� � � ������01)�� (��%! � �5�6� � (���01��� º
�C����cEp�������� �a��� =¢�aºG�����G�qµ

:Â�5<'>���µ&�i¨§ �¢r{z·slq���Oc.yEµ �A¨¦������¨g� ��vq¸���wayt��r{z¦��v¯psr����az¦¨¦z³E�¢r{z¦��v §©��y¶r{_acÇ¬�rt��¨A��z¦yt�.yt��§¾rdª�zr{_òp®r{yt��v��
z¦va�awari� ��wa�a¨¦zva�Cµ����
�
� �5��(�� �

�
��� � �5�6� � (���01)������/���	��
 ºa�5=�9 <8E�� E ��<8E����qº��������aµ

:Â����>��Cµ ·[h�µq~M±�zbd¨¦zv�µ ����� � (��%!&� ! � �5� � 0���01!������%� � ����
 01)�� ),(���������� � !&� 
2( ���+( �'0�
 0 �'(���01��� !&(�� � 
2�
���'��� � 
2( ��( �?0 �*(���01��� (��5�+������� � ��0�� � �	�'�%),� � µ�~M_  r{_acEp®z}puº �/� ��¨¦c  i�q�´rt��y���¨¦cZlonqp®r{`.bdcEpi�qc
^*��w�¨��w�p®c�º��������aµ

:Â����>��Cµ ·[h�µ�~Y±�z¦bZ¨¦z¦v�º�~	µC�¥z¦vac r{r{z4º  �µC^*y{��w���_ac rEºq~	µClo��w�`.ytcupuºa��v��½^�µ�Bi��bdc.¨4µM�&c.yt�q�qnov���bdz}�ibd�q�o·
cu¨z¦va�Å��v��²��yt���´r{z}�.��¨��¢r{r{zr{w��qc;psr����az¦¨z¦³u��r{z¦��v ��§����qw��´rtcu�°§ ��v¯w��È¬Îµ¯ÃÄv � �5�	�,� �,(�� � �������	��

�����8��'�	����),� ºC������cup¥���G��� �o���G��Eaºo����� =oµ

:Â�¢�&>��Cµ ·[h�µC~Y±�z¦bd¨z¦v�ºO~�µÎlo��w�`.ytcupuº���v��½^�µ%Bg��bdcu¨Òµ¥~	��p{z»rtz��v½�.��vGr{yt��¨���§M�¶�qw��´rtcu�%§ ��vH¬�rt��¨�wC�È¬�z¦v
�.y{�Gp{p{ª�z¦v���µ�� �/�6�'���%(���01���%(�
 � ���5���%(�
 �  �����/������
 º�����¼4��Á�9 ����� �q������º������ =qµ

:Â����>���µ  �µC~My{��wqrsn�µ � ��
 01),�,�%�+���C� ��� ���� � (��%),� � �/�+( �'0�
 0�� � ��(��%! ���������	��
 µ	��ytzcu��c.yEº%<8E����aµ
:Â����>��Cµ ��µ¢��c § p{vacupuº �dµ ��µÈ~	c r®rtc.y�p®cuv�º¢��v�����µ ��µ¢l���y{cuv�p®cuv�µ � ��vGr{yt��¨G��§�p{¨cuv��qc.y��O�o�an�wav��qcuyt���´r{wC�¢r{cE�

��wa¬qp�ª�z»rt_�� wayty{cuvGr�cEpsrtzb¶��r{z¦��v�µdÃÄv ���
�	� �����8
�

��� � �,)�0 ��01��� (���! �����/���	��
 º��C����cEpA��� �a����º
�������aµ

:Â�*=F>�l�µÎlq��y{z¦����¨¨¦zÒº �Cµ �¥µChT��vGr{����bdc.ytn�ºO��v�� �ZµÂlÎµ�lowa«o_��¢rtbdc�µg¿iz¦p{z¦��vH����p®cE�H��wqrt��va��bZ��w�p�¨}��v��azva�
��§���v¯wavab¶��vav�cu�¯��cuy{z}��¨&¬�cu_az}� ¨¦c�µ�ÃÄv ���
�	� �����8

�
��� � � �,����01)�� (���! � �5�+��� (���01��� º¥������cup

� =�E*E �q��������ºG�����G�qµ
:Â����>���µÈlocu�awa¨}��_aytc�º¢h�µ ����va«��¢¬oz
	�ºu��v���~	µ �g��«���rt�¢¬oz�	�µ ����� ��������)'��0��F� � ����
 0��%�,(��C���������	��
 µGlo��y{z¦va��cuy®·

¿Ycuy{¨}���CºD<8E*E =oµ

ë©ì�í�ë¾î

in
ria

-0
02

58
09

2,
 v

er
si

on
 2

 - 
28

 F
eb

 2
00

8



���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� ��<

:Â��E�>���µalo_C��«�cuy{v�z¦��º �ZµahT�aºq^�µ �i�G�CºG��v���l�µqla��p®r{ytn�µ*À*��v��azva�d��v�wavab¶��v�vacu����z¦y/¬�c._az}� ¨¦c&9	¿gz}p{z��v
�C��p{cu��bd��r{z¦��v�cEpsrtzb¶�¢rtz��v���v���va��va¨¦zvacE��y	� ��v�rty{��¨Òµ �C��01(�� � ���5���%(�
5�� ���������	��
 º <�¼Ò��Á�92<È��� ��<.�o�qº
<?E&E*Eaµ

: ����>��KµC^��Èn�cu�az���v��HlÎµOhT� �Az¦¨¦¬Gy��Èn�µM�¥r{r{zr{w��acKpsr����az¦¨¦z³E�¢r{z¦��v½��§	�d¬Gr{��¨�|Gw����qyt��rt��y���zy�� y��¢§¾rEµ ���
�
�
� �	(�� �

�
��� � �������	��
�� �F���6� � � �/�,)��5�%��
 � � � º�<u�C¼Ò��Á�9Â���G� �a�*=�<�º���������µ

: � <'>��Kµ ��µM^�cuc.¨4µ �A¨������¨�p®rt���az¨¦z¦³u�¢rtz��v²��vC�²ytcup®r{ytz¦� r{cE�Ór{y�����«oz¦va�T§©��yZb�wa¨r{z¦�a¨c%z¦v�rtc.��yt��r{��y�p�ª�zr{_
�O��w�v��qcu�½�.��vGr{yt��¨}p.µ � �F���+� � �

&
� �������	��
 � �'���+�'�,� ºD<E� 9 <u�G� �%<�=�<�º <8E*E��qµ

: ����> BKµ �M�o��vT��v��%~	µC^�p®z¦��rtyt��p.µ/lqzva��wa¨}��ytz»rsn%��v���¨nqp{z¦p&��§�¬¢��ytz}���a¨¦c ·Äp®�Oc.cE���.��vGr{yt��¨�bd��bZcuvGrg��noyt��puµ
� ���5���%(�
$�  ���501!&(��%),� � � �������	��
 � (���!
� ���%(�� 01)�� ºÎ�*=a¼ ��Á�9 ��=È� �o�����aº���������µ

� � �%�;���%!%-��

� 	 � � ��� ������� � ��� � � 	 ��������� �
� ��v�p{z¦�qcuy¥r{_ac�§©��¨¨¦�¢ª�zv��d�u��v��az¦�a��r{c�À�nG���aw�va�¢¬d§©wav�� r{z¦��v

V = 1− γ̄3 = 1 − cos θ̃
¼Ò����Á

 iz �Ocuy{cuv�rtz¦��r{z¦va�
V

��¨¦��v���rt_acVp{��¨¦wqr{z¦��v�p���§/rt_ac�p{nqpsrtc.b
Ṙ = RS(ω)

��v���w�p{z¦va�TÀ�cubZb¶�Ç��ª�zr{_
|γ| = 1

¼ p{c.c��g�a�Ccuv��qz¹%�Kµ �GÁ´ºa��vac�_���p

V̇ =
(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+

(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)]

lqwa��p®r{zr{wqrtzva�¶c.¹q�ay{cEp{p{z¦��v�p�¼�=�Á¥��§
ω1, ω2

��v��%w�p{z¦va�T¼©�G��Á ºq��vac���c.rtp

V̇ = −k
γ̄2
1 + γ̄2

2

(1 + γ̄3)
2 = −k

1− γ̄3

1 + γ̄3
= − kV

1 + γ̄3
≤ −kV

2
≤ 0

¼ �*E�Á

^&_�z¦p%ytc.¨}�¢r{z¦��v2�C��zvGr�p���wqr%r{_���r
V

� ��vo¬�c.yt��cEpVc.¹o�O��v�c.vGr{z}��¨¦¨n¯rt�°³uc.yt�²ª�_az}��_���¨}p®�°zbd�a¨¦zcEp%r{_ac
c.¹q�C��vac.vGr{z}��¨¥� ��vG¬�c.yt��cuv�� c¶��§

θ̃
r{�;³.c.yt��µ;�gpK§©��y�r{_ac%psr����az¦¨zrsnÓ��§�rt_ac�cE|�w�z¨¦z��y{z¦wab

θ̃ = 0
ºYzr�z}p

�d�qz¦ytcu�´r��.��v�p{cu|Gwacuv�� c���§�¼Ò����Á&��v��;¼Ò�&EGÁ´µ

� 	 � � ��� ������� � ��� � � 	 ��������� �
Ã[r�§©��¨¨¦�¢ª�p/§©y{��b r{_�c��qc ¸�v�z»rtz��v%��§

θ̃
rt_��¢r

tan2(θ̃/2) =
γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2 =

|γ| − γ̄3

|γ| + γ̄3

¼ ����Á
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�G� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

� ��v�p{z¦�qcuy�rt_acZ�u��v��az¦�a��r{cZÀ�n����awava�¢¬�§©wav�� r{z¦��v
V

�qc.¸�vacE�T�on²¼ <È��Á´µ  iz �Îc.ytc.vGrtz¦��r{z¦va�
V

��¨¦��va��r{_ac
p{��¨¦wqrtz��v�p&��§Ylonqpsrtc.b ¼�E��CÁÄ·�¼�E��.Á&��v��%w�p{zva�¶À�c.bdb¶�d�%¼Òp®cuc����a�Oc.v��az»¹½��µ ��Á´º���vac���c.rtp

V̇ = ṽT (−ue3 + γ̄) +
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)]

= ṽ3 (−u + γ̄3) +
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)

+ |γ|k2

(

ṽ1

ṽ2

)]

lqwa��p®r{zr{wqrtzva�¶c.¹q�ay{cEp{p{z¦��v�p�¼ <*<uÁ¥��§
u
º
ω1

º
ω2

��v��%w�p{z¦va�T¼©�G��Á´ºa��vac����qr���z¦v�p

V̇ = −|γ|k1ṽ
2
3 − k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2 = −|γ|k1ṽ

2
3 − k3

k2
tan2(θ̃/2)

¼©�/<EÁ

^&_�cKÀ�nG���awav��¢¬V§©wav�� r{z¦��vÇ�ac.ytz¬¢�¢rtz¬�c�z¦pivacu���¢rtz¬�c�p®cubdz»·Ä�qc ¸Cvaz»rtc�ºÎp®�Vr{_���r�r{_ac�¬�cu¨�q� zrsn%c.yty{��y&r{c.ytb
ṽ
z¦p/�C��wav��qcE��µY^&_ac�vac.¹or¥p®r{c.�¶��§�r{_aci�ayt�G��§Î�.��v�p{z}psr�pMz¦vVp®_a�¢ª�z¦va��rt_��¢r

V̇
z}pMwav�z»§©��y{bd¨¦nZ�.��vGr{z¦vowa��w�p

��¨��va�Hcu����_Åp®nqp®r{cub	� pKp{��¨¦wqrtz��v�zvÅ��yt�ac.y�rt�;�qcE�qw�� c�º	�GnÓ�����a¨z}�.��r{z¦��v���§g�¥��y{�C��¨}�¢r�� p�¨¦c.bdb¶�Å¼ p{c.c
: <E�F>¾Á ºMr{_�c½�.��vo¬�cuy{��c.v��.c���§

ṽ3
��v��

θ̃
rt�Ó³.c.yt����µ°^*�;rt_az}pd�awayt�C�Gp®c�ºMz»rVp{wqÆV� cEpZr{�Óp®_a�¢ª r{_���r

V̈z}p��C��wav��qcE��µ�ÃÄv²¬oz¦c.ª ��§½¼©�/<EÁ´º/�gptp®wabd�qrtz��v �oº/��v��Órt_ac%�C��wav��qcE�qvacuptpZ��§
ṽ
ºYr{_�z¦pd� ��v��qzr{z¦��vÅz}p

pt�¢rtz¦p®¸�cE��z§
γ
º
γ̇
º ˙̃v3

º���v�� d
dt tan2(θ̃/2)

��ytc��C��wav��qcE��µ
��y{��b �ip{p{wabd�qrtz��vT�aºOr{_ac��C��wav��qcE�qvacEp{pg��§

ṽ
º���v��%r{_acZytc.¨}�¢r{z¦��v

ṽ = RT (ẋ − ẋr)
ºÎz»ri§©��¨¦¨�¢ª�p

rt_��¢r
ẋ

z¦p��C��wav��qcE��µ%^&_�c.ytc §©��ytc�º*w�p{zva�T�ip{p{wabd�qrtz��v�p <V��vC�;�Cº*��vacV�qcE�qw�� cEp�r{_C�¢r
γe

º
γ

��v��
γ̄��y{ci��¨}p®���C��wav��qcE��ºq��v��drt_��¢r

u
¼©��z¦¬�cuvV�onT¼ <*<EÁ®Á)z}p/��¨¦p{��ª¥c.¨¦¨»·Ä�qc ¸Cvacu����v��¶�O��w�v��qcu��µ	^&_�z¦p¥z¦bZ��¨z¦cup

rt_��¢r
ẍ

��z¬�c.v��on
ẍ = −uRe3 + γe(ẋ, t)

¼©�o��Á
z}p&�O��wav��acu��µ)loz¦v��.c

γ̇e(ẋ, t) =
∂γe
∂ẋ

(ẋ, t)ẍ +
∂γe
∂t

(ẋ, t),

zrK� ��bdcupuºÎ§©y{��bk�gptp®w�bZ�ar{z¦��v�p <d��vC�;�H��v��Trt_acZ§ ��� r�r{_���r
ẋ

��v��
ẍ

��y{cd�O��wavC�qcu��º�r{_���r
γ̇e

��vC�
γ̇

��ytc���¨}p®�¶�O��w�v��qcu��µ�À�c riw�p�va�¢ª�p{_a�¢ª rt_��¢r���¨¦��va�¶cE����_Hp{nop®r{cub � pip®��¨wqrtz��v�ºart_ac.ytc�c.¹oz}p®rtp
ε > 0p{w���_�r{_���r

|θ̃(t)| ≤ π − ε, ∀t
¼©���GÁ

Ã[r�§©��¨¨¦�¢ª�p/§©y{��bk¼ <*<EÁ º�¼©�G��Á´º���v��%À�c.bdb¶�V�Kr{_���r

d

dt
(1 − cos θ̃) = −k2(γ̄1ṽ1 + γ̄2ṽ2) − k3

|γ| − γ̄3

|γ| + γ̄3
= −k2(γ̄1ṽ1 + γ̄2ṽ2) − k3 tan2(θ̃/2)

¼©���GÁ

lqzv��.c
γ̄

��v��
ṽ

��ytc��C��wav��qcE��ºa��v�c��u��v%c.v�p{waytcAr{_���r�r{_acuy{c�c ¹qz}psr�p
ε1 > 0

p{w���_�r{_���r

|θ̃| > π − ε1 =⇒ d

dt
(1 − cos θ̃) < 0

�/|�wC�¢r{z¦��vH¼ ����Á	z}p	rt_GwCpMp{��r{z}ps¸Ccu��ª�z»rt_
ε = min{ε1, π−|θ̃(0)|} ¼

> 0
Á µ�^&_az}pYz¦bd�a¨z¦cupYr{_ac��O��w�v��qcu�q·

v�cuptp/��§
tan(θ̃/2)

��v�����¨}p®�CºG§©y{��b ¼ ���GÁ´ºq��§
1/(|γ|+ γ3)

µM�g¨��va��ª�zr{_½�gptp{wabd�qr{z¦��v½�K��v��¶rt_acA§ ���´r
� ì�á�ê4æ	êÒ×¢Ütê*óqÜ çEÜ�àÂàÂæ�� ß�ê4×Èæsá´â æsè�ãÈáuæsß�ÖÈá�ê*Ü�÷È÷Èà �gß4ÕÂÖEÚ®æ	êÒ×ÈæMÚsàÂá´ß4æsãEô¾àÂá.á´÷Aã��EÖ¢Ü�è�ÕÂÚsß�ÕÂß�ÖÈá�ê*Ü�ÙEêÒá´ÖÈá´è�á´ÙÈß{ù

ë©ì�í�ë¾î
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�
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2��� ���

rt_��¢r
ṽ, γ, γ̄, γ̇

��ytc��O��wav��acu��º�r{_az}p/c.v�p{waytcup	rt_��¢rMrt_acg�.��vGr{yt��¨az¦va�awartp
ω1

��v��
ω2

ºG��v��Zrt_GwCp
ω
ºo��ytc

ª¥c.¨¦¨·[�qc.¸�vacE����v����O��w�v��qcu��µ)lozvC� c
γ, ṽ, ω, u

��ytcA�O��w�v��qcu��ºqz»r�§©��¨¨¦�¢ª�p¥§©y{��bk¼�E��CÁ)rt_��¢r ˙̃v
z}p���¨}p®�

�O��w�v��qcu��µ���zv���¨¨¦n�º�p®z¦v��.c¶�C��r{_
γ̇

��v��
ω

��ytcZ�O��w�v��qcu��º*��vac¶�qcu�qwC� cup�r{_���r
˙̄γ
z¦p��C��wav��qcE��µ�^&_ac

�O��w�v��qcu�avacuptp���§ d
dt tan2(θ̃/2)

r{_�c.v�§©��¨¦¨�¢ª�p�§©y{��b ¼©�G��Á���v���§©y{��b�r{_ac&�O��wav��acu�qvacEp{p���§
1/(|γ|+γ3)

µ
^&_�z¦pi� ��vC� ¨¦w��qcup�r{_ac��ayt�G��§Y��§Mwavaz§©��ytb � ��v�rtzvowazrsn%��§

V̇
��v��½��§Yrt_ac��.��vo¬�cuy{��c.v��.cA��§

ṽ3
��v��

θ̃
r{�

³uc.yt��µYe���r{cA§©yt��bk¼ ����Á/rt_��¢r
γ̄1

��v��
γ̄2

��¨}p®�d� ��vo¬�c.yt��cgr{�¶³uc.yt��µ
^&_acuy{cHytc.b¶��zv�p¶r{�Åp{_a�¢ª rt_��¢r

ṽ1
��v��

ṽ2
�.��vo¬�cuy{��c�rt�Å³.cuy{�Cµ À�c.r

γ̄1,2
�qcuva��rtc½r{_acT¬�cu� r{��y

(γ̄1, γ̄2)
T µM�¥n��d�qz¦y{cE�´rg�u��¨}� wa¨}�¢rtz��v�ºo��vac��qcE�qw��.cup¥§©yt��bÉÀ�c.bdb¶�V����v���¼ <&<EÁ/r{_���r

d

dt

γ̄1,2

|γ| = a(t) + b(t)
¼©�G��Á

ª�zr{_

a(t) := γ̄3









−k2ṽ1 −
k3γ̄1

(|γ| + γ̄3)2

−k2ṽ2 −
k3γ̄2

(|γ| + γ̄3)2









, b(t) :=
1

|γ|

(

ω3 +
1

|γ|2 γTS(Re3)γ̇

)(

γ̄2

−γ̄1

)

Ã[r�z¦p�psrtyt��z��_�r{§©��ytª¥��yt�Hr{�T¬�c.ytz»§©nÇr{_���r
ȧ(t)

z}p��O��wav��acu��¼ p{�½r{_C�¢r
a(t)

z¦p�w�vaz»§©��y{bd¨¦n��.��vGr{z¦vowa��wCptÁ
�C��p{cu����vÅr{_�c��O��wavC�qcu�qv�cuptp���§ ˙̃v, γ̄, ˙̄γ

º)��v��
1/(|γ| + γ̄3)

Á´µ°�/cE�.��w�p®c
b(t)

z¦pZva��rZv�cu� cEp{pt��ytz¦¨n
w�vaz»§©��y{bd¨¦n��.��vGr{z¦vowa��wCp¶¼©�Ocu�.��w�p{cV��§&r{_�cVr{cuy{b¶p

ω3
��vC�

γ̇
Á º*rt_ac��.¨¦��p{p{z¦�u��¨Y¬�c.y�p®z¦��vÓ��§��&��yt����¨}�¢r � p

¨¦c.bdb¶�T�q�ocEp�va��rZ�����a¨n�µT^&_az}pKc.¹o��¨¦��zv�p�r{_ac�w�p®c���§&r{_�c�p{¨z¦��_Gr{¨¦n���c.v�c.y���¨¦z³ucu��¬�cuytp{z��vÓ��z¦¬�c.vÓ�on
À�c.bdb¶���¶¼ p{c.ci���a�Oc.v��az»¹V��µ E�Á µYfgp{zva��r{_aci�C��wav��qcE�qvacuptpM��§

ω3
ºo�gptp{wabd�qr{z¦��v��aºG��v��Zr{_acg�ay{���Ccuy®·

rtzcEp)���qrt��zv�cu�V��y{cu¬Gz¦��wCp®¨¦n%¼ zÒµ c�µY�.��vo¬�cuy{��c.v��.c���§
γ̄1,2

r{��³.cuy{�Z��v��¶�O��w�v��qcu�avacuptp)��§
γ̇
Á ºo��vaci¬�c.ytz¸�cup

rt_��¢r
b(t)

� ��vo¬�c.yt��cupMr{�d³.cuy{�Cµ  gz¦y{cE�´r������a¨z}�.��r{z¦��v%��§	À�c.bdb¶�d��r{�Vlonqp®r{c.b ¼©�G��Á¥c.v�p{waytcup/r{_ac��.��vq·
¬�c.yt��cuv�� ci��§ d

dt
γ̄1,2

|γ|
r{�d³.cuy{�CµYlqzv��.c

γ̄1,2
� ��vo¬�c.yt��cupMr{�d³.cuy{�d��vC� |γ|+ γ̄3 > 0

ºor{_�c�� ��vo¬�c.yt��c.vC� c���§
ṽ1, ṽ2

rt�¶³.c.yt��§©��¨¦¨�¢ª�puµ
�ipA§©��yAr{_ac¶p®rt���az¨¦zrsnH��§Mrt_acdcu|Gwaz¦¨z¦�aytzwab

(ṽ, θ̃) = (0, 0)
º�zr�z}p��%�qzytcu� r��.��v�p{cu|Gwacuv�� c���§¶¼�<E��Á

��v���¼©��<EÁ µ

� 	�� � ��� ������� � ��� � � 	 ��������� �

��y{��b r{_�c��qc ¸�v�z»rtz��v%��§
γ

��z¬�c.v��GnÓ¼ <E��Á´º�cu|Gw��¢rtz��v�¼�E��CÁ&�u��v%�Cc�ytc.ª�ytzr®r{cuv%��p

˙̃v = −S(ω)ṽ − ue3 + RT γ − RTh(|Iv |2)Iv + RT c
¼ ����Á

 ic ¸Cvac
f : s 7−→ h(s2)s

��v��
f−1 ��pYz»r�pMz¦vo¬�c.y�p{c/§©w�v��´rtz��v�µMe���r{c�º�§©y{��b ¼�<E��Á º�rt_��¢r

f
z}p)��p®r{ytz}�´r{¨¦n

z¦v��.y{cE��p{zva���.��vGr{z¦vowa��wCpY§©wav�� r{z¦��v�µ)lqzv��.c
h

z¦p¥p®r{ytz¦� r{¨¦n��O��p{z»rtz¬�c�ºG��vaci_���p
f(0) = 0

µ	^&_ac.ytc §©��y{c�º�rt_ac
wCp®c���§ �M��w�va� � p&zv�cu|Gw���¨¦zrsnÇ¼ p{c.c : ��>©Á&��¨¦¨�¢ª�p/r{�dcEpsr����a¨¦z¦p{_%r{_ac�§©��¨¨¦�¢ª�z¦va��ytc.¨}�¢rtz��v

cT Iv ≤ |c||Iv | ≤
∫ |Iv |

0

f(s) ds +

∫ |c|

0

f−1(s) ds

í*í Ö�G�õ�ñ�H
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 ��������� �;(���! �A
2(���!&�
��� � � ���

^&_�z¦p&¨¦cu���ap&w�p&rt�d�.��v�p{z}�qc.y&rt_ac�§©��¨¦¨�¢ª�z¦va�d�.��v��qz}�a�¢rtc�À�n����awava�¢¬d§©wavC�´r{z¦��v
V

�qc.¸�vacE���on

V =
1

2
ṽT ṽ +

1

k2

(

1 − γ̄3

|γ|

)

+

∫ |Iv |

0

f(s) ds − cT Iv +

∫ |c|

0

f−1(s) ds
¼©�5=�Á

Ã[r¶z}p¶psrtyt��z��_Gr®§©��ytª&��y��Çrt�Ó¬�c.ytz§©nÓr{_���rZrt_ac%§©wav�� r{z¦��v
V

z}pd�O��p{z»rtz¬�c%��v��²��y{���CcuyZª�µ yEµ rEµ
ṽ
µ¯�ivac

¬�c.ytz»¸Ccupg��¨¦p{�¶rt_��¢r
V

z}pg��y{���Ccuygª�µ yuµ ruµ
Iv

�on½¬�cuy{z§©nozva�Vr{_���rgr{_�c Bgcuptp®z}��vTb¶��r{ytz»¹½��§
V

ª�µ yEµ ruµ
Ivz}p��qc.¸�vazr{cV�O��p{zr{z¦¬�c�º�z4µ c�µ ∂2V

∂I2v
> 0

º*w�p{z¦va�½r{_ac�� ��vC�qz»rtz��vò¼ <È��Á���§¥rt_ac¶§©wavC�´r{z¦��v
h
µ½fgp{zva�°¼©���GÁ´º

À�c.bdb¶�¶�qºa��vC��rt_ac�ytc.¨}�¢r{z¦��v
İv = Rṽ

ºq��vac���c.rtp

V̇ = ṽT (−ue3 + γ̄) +
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)] ¼ ����Á

lqwa��p®r{zr{wqrtzva�drt_ac�� ��vGr{yt��¨Îc ¹q�aytcuptp®z¦��v�¼ <*<EÁ¥z¦v�rt�H¼©����Á´ºa��vac����qr���z¦v�p

V̇ = −|γ|k1ṽ
2
3 − k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

¼ �*E�Á

^&_�c.v�ºqrt_ac��ayt�o��§	��§Y� ��vG¬�c.yt��cuv�� cA��§
(Iv , ṽ, θ̃)

r{�
(I∗v , 0, 0)

�ay{�q�.c.cu��p���p¥§©��y�~Myt���O��p{z»rtz��v½�aµ/eg��r{c
z¦vT����y®rtz¦�.wa¨}��y�rt_��¢rAr{_�cZ�.��v��qzr{z¦��v°¼ <E��Á���§Yr{_ac�§©wav�� r{z¦��v

h
z}piwCp®c.§©wa¨�rt��cuv�p{way{c�r{_acZ�C��wav��qcE�qvacEp{p

��§
γ̇
º���v��Tzrtp��.��b��azvC�¢r{z¦��vÇª�z»rt_;�gptp®w�bZ�ar{z¦��v 0�0�0 � ��§)~)y{���C�Gp®zr{z¦��v;��z¦bd�a¨z¦cupirt_acdc ¹qz¦p®r{cuv�� c���§/�

w�vaz¦|Gwacd¬�cu�´rt��y
I∗v

p{w���_;r{_���r
h(|I∗v |2)I∗v = c

µd�away{r{_�c.ytbZ��y{c�ºÎr{�½�ayt�¢¬�cKr{_���r
Iv

�.��vo¬�cuy{��cup�rt�
I∗v��vac��.��v%���a�a¨¦n��&��yt����¨}�¢r � p¥¨¦c.bdb¶�d��z¦¬�c.v�zvH�g�a�Ccuv��qz¹½�Kµ E�rt�½¼ ���GÁ¥ª�z»rt_

a(t) := −RTh(|Iv |2)Iv + RT c , b(t) := −S(ω)ṽ − ue3 + RT γ

�ip	§©��y	rt_ac�psr����az¦¨¦z»rsn���§�rt_ac�cu|Gwaz¦¨z¦�aytzw�b �C��zvGr
(Iv , ṽ, θ̃) = (I∗v 0, 0)

º�zrYz¦p)�A�azytcu� rY�.��v�p{cu|Gwacuv�� c
��§�¼©��=�Á´º�¼ �*E�Á.ºa��v���rt_ac�§ ��� r¥rt_��¢r�rt_az}p��C��zvGr�z}p¥r{_ac�w�vaz¦|Gwac�bdz¦vaz¦bKwab ��§�r{_ac�§©wavC�´r{z¦��v

V
µ

� 	 � � ��� ������� � ��� � � 	 ��������� �

��y{��bk¼1E��CÁ&��vC�;¼4����Á.ºqz»r�§©��¨¨¦�¢ª�p¥r{_C�¢r�r{_�c�r{z¦bZc.·[�ac.ytz¬¢�¢rtz¬�ci��§
v̄

pt�¢rtz¦p®¸�cEp¥r{_ac�§©��¨¨¦�¢ª�zv���cE|�wC�¢r{z¦��v

˙̄v = −S(ω)v̄ − ue3 + RT z̈ + RT (γe − ẍr)

ª�_�z¦��_½�.��v��Oc�y{cuª�y{zr®rtc.vH��p

˙̄v = −S(ω)v̄ − ue3 − RTh(|y|2)y + RT γ + RT c
¼4����Á

ª�zr{_
γ

�qc.¸�vacE���on�¼Ò�5<ÈÁ´µ � ��v�p®z}�qcuy/rt_ac��.��v��qz}�a�¢rtc�À�nG���awav��¢¬�§©w�v��´rtz��v

V =
1

2
v̄T v̄ +

1

k2

(

1 − γ̄3

|γ|

)

+

∫ |y|

0

f(s) ds − cT y +

∫ |c|

0

f−1(s) ds
¼Ò� <EÁ

ë©ì�í�ë¾î

in
ria

-0
02

58
09

2,
 v

er
si

on
 2

 - 
28

 F
eb

 2
00

8



���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� �G�

ª�_�c.ytcTr{_�c��qc.¸�vazr{z¦��v2��§
f

z}p���z¬�c.v�z¦vòrt_ac;��y{�o��§���§K~Myt���O��p{z»rtz��vò�°��v��
γ̄

z¦p%��z¦¬�cuv��on�¼ �GÁ´µ
�gv���¨¦������w�p{¨¦n¶r{�¶rt_acK��y{�o��§Y��§	~)y{���C�Gp®zr{z¦��vT�qºO��v�c�¬�cuy{z¸�cup�r{_���r

V
z}p��O��p{z»rtz¬�cK��vC�½�ay{���Ccuy�ª�µ yuµ ruµ

ṽ
��v��

y
µMfip®z¦va�T¼4����Á.º�¼Ò����Á º���v���r{_�c�y{cu¨¦��r{z¦��v

ẏ = Rv̄
º���vac���c.rtp

V̇ = −|γ|k1v̄
2
3 − k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

¼4����Á

��y{��b ¼ <F=�Á´ºq��vacg¬�c.ytz»¸�cEpMrt_��¢r
z, ż

ºq��v��
z̈
��y{ci�C��wav��qcE��µM�ayt��b ¼4�5<ÈÁ)��v��Ç¼4����Á.ºo��vac��qcu�aw�� cEp)rt_��¢r

y
��v��

v̄
��ytcA�C��wav��qcE��µ/loz¦v�� c

z
��v��

ż
��ytci�O��wavC�qcu��ºar{_ac�ytc.¨}�¢rtz��v�p

y = x̃ + z
��v��

v̄ = ṽ + RT żz¦bd�a¨¦n;rt_��¢r
x̃

��vC�
ṽ

��y{c���¨}p®�T�O��w�v��qcu��µ;^&_acuvÅz»r�§©��¨¦¨�¢ª�p�§©y{��bû~My{���Ccuy®rsn � � ��§�r{_�cV§©wav�� r{z¦��v
pt�¢r

∆
ºG~Myt���Oc.y{rsnT¼ <È��ÁY��§�r{_acg§©wav��´rtz��v

hz
ºq��vC�Vlonqpsrtc.b ¼ <�=¢Á	rt_��¢r

z(3) ytc.b¶��z¦v�pM�O��w�v��qcu��µ  ic.v���r{c
z∗

r{_�c¶wavaz}|�w�cdp{��¨¦wqrtz��vÇrt�
h(|z∗|2)z∗ = c

µV��y{��b r{_acuy{c�º�ª�zr{_�r{_acVpt��bdc¶��yt��w�bZcuvGrtp���p�z¦v�r{_ac
��y{�o��§���§�~Myt���O��p{z»rtz��v��aºo��v�ci�qcE�qw�� cEp/r{_ac�� ��vG¬�c.yt��cuv�� c���§

(y, v̄, θ̃)
r{�

(z∗, 0, 0)
��v��drt_acAp®rt���az¦¨zrsn

��§�rt_az¦p�cu|Gwaz¦¨z¦�aytzwab ��§*r{_ac
(y, v̄, θ̃)

p®w���p®nqp®r{cub%µ
 ic ¸�v�c

ȳ := y − z∗, z̄ := z − z∗, w := ż,

gz(ȳ, z̄) := hz(|ȳ − z̄|2)(ȳ − z̄) + hz(|z̄|2)z̄eg��rtc�r{_���r
gz(ȳ, z̄)

z¦pg�C��wav��qcE�T��vC�½¬È��vaz}p®_acEp�wa¨r{z¦b¶�¢rtc.¨¦n½p{z¦v�� c
ȳ

� ��vG¬�c.yt��cEp¥r{�V³uc.yt��µ�e���r{cK��¨¦p{�
rt_��¢r

x̃ = y − z = ȳ − z̄
µM^&_acuv�ºClonqp®r{c.b ¼�<�=¢Á&�.��v��Oc�y{cuª�y{zr®rtc.v½��p

{

˙̄z = w
ẇ = −2kzw − k2

z z̄ + k2
z(

pt�¢r
∆(z̄ + z∗) − z∗) − kzhz(|z̄|2)z̄ + kzgz(ȳ, z̄)

��y&zv%r{_�c�bZ��y{c��.��bd����� r&§©��ytb
Ż = F (Z) + G(ȳ, Z)

¼4���GÁ
ª�zr{_

Z := (z̄, w)T
º

F (Z) :=

(

w
−2kzw − k2

z z̄ + k2
z(

pt�¢r
∆(z̄ + z∗) − z∗) − kzhz(|z̄|2)z̄

)

,

��v��
G(ȳ, Z) := (0, kzgz(ȳ, z̄))

T ª�_az}��_�¬¢��vaz¦p{_acEp&wa¨»rtzb¶��r{c.¨¦n�µ
�ivac¶¬�c.ytz»¸Ccupir{_���r

Z = 0
z¦pArt_ac¶��¨¦������¨¨¦nT��p{nobd�qr{��r{z}�.��¨¦¨¦nÇpsr����a¨¦cd�C��zvGr���§/rt_acVp®nqp®r{cub

Ż =
F (Z)

�on��.��v�p{z¦�ac.ytzva��r{_�c�§©��¨¦¨�¢ª�z¦va�d�.��vC�qz¦���¢r{c�À�n�����wava�¢¬d§©wav�� r{z¦��v

U =
1

2kz

∫ |z̄|2

0

hz(s) ds +
1

2
|z̄|2 +

1

2

∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

2 ¼4�¢�GÁ

ÃÄvC�qc.cE��ºq�qz �Îc.ytc.vGrtz¦��r{z¦va�ZfR��¨¦��v���r{_ac�p{��¨¦wqr{z¦��v���§�rt_acAp{nqpsrtc.b
Ż = F (Z)

��vC�Vw�p{zv��K~Myt���Oc.y{rsn � �
��§�rt_ac�§©wav�� r{z¦��vHp{��r

∆
��v��½�gptp®w�bZ�ar{z¦��v 0�� � ��§�~My{���C�Gp®zr{z¦��v%�aºa��vac����qr���z¦v�p

U̇ = −hz(|z̄|2)|z̄|2 − kz

(

|z̄|2 +

∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

2

−
(

z̄T + (
pt�¢r

∆(z̄ + z∗) − z∗)
)T
(

z̄ +
w

kz

)

)

≤ −hz(|z̄|2)|z̄|2 − kz |z̄|2 − kz

∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

2

+ 2kz|z̄|
∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

¼4����Á
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lqzv��.c
z

z}p��O��wav��acu��º
z̄

z}p���¨}p®�H�O��w�v��qcu��§©yt��b z»r�pK�qc.¸�vazr{z¦��v�µ½�gp��H� ��v�p®cE|Gwac.v��.c�º�r{_acuy{c¶c.¹oz}p®rtp
δz > 0

p®wC��_�r{_C�¢r
hz(|z̄|2) > δz

µ	^&_az}p.º���¨��va�gª�zr{_½¼Ò����Á´º�zbd�a¨¦zcEp*r{_���r*rt_ac.ytc/c.¹qz¦p®r	p{��bdc&� ��v�psr���vGrtp
αz, αw > 0

p{w���_�r{_���r

U̇ ≤ −αz|z̄|2 − αw

∣

∣

∣

∣

z̄ +
w

kz

∣

∣

∣

∣

2 ¼4����Á
�g�a�a¨¦nozva�¶À�n�����wava�¢¬ � p)r{_�c.��ytc.b ��vacAr{_acuv%p{_a�¢ª�p/r{_C�¢r

z̄
º
w
ºC��v��Vr{_ow�p

U
� ��vo¬�c.yt��c�rt��³uc.yt��µY^&_ac

p®rt���az¦¨zrsnV��§�r{_�cAcE|Gwaz¨¦z¦�ay{z¦wab
Z = 0

��§*r{_ac�p{nqpsrtc.b
Ż = F (Z)

y{cEp®w�¨»r�p¥§©y{��b ¼4�¢��Á&��v���¼Ò���GÁ´µ
loz¦v��.c

Z = 0
z}pAr{_ac¶��¨������¨¦¨nT��p®nobd�qrt��r{z}�.��¨¨¦nTp®rt����¨cd�O��z¦v�r���§)rt_acVp®nqp®r{cub

Ż = F (Z)
º
Z

z}p
�O��w�v��qcu��º���v��

G(ȳ, Z)
� ��vo¬�c.yt��cEpMrt�¶³.cuy{�Cºor{_acuv�§©��yilonqp®r{c.b ¼4����Á

Z
�.��vo¬�cuy{��cup¥��¨}p®�Zrt�¶³.c.yt��µMlo�

rt_��¢r
(z, ż)

�.��vo¬�cuy{��cup/r{�
(z∗, 0)

µ/^&_�cK� ��vG¬�c.yt��cuv�� cA��§
z̄

��v��
y := z̄ + x̃

r{��³.c.yt�dzbd�a¨¦z¦cup�rt_��¢r
x̃�.��vo¬�cuy{��cup&rt��³uc.yt��µ��*z¦v���¨¨¦n�º�p{zv��.c

v̄ := ṽ + RT ż
��v��

ż
�.��vo¬�cuy{��c�r{�%³.cuy{�Cº

ṽ
��¨}p®��� ��vo¬�c.yt��cup�r{�

³uc.yt��µ
À�c rMw�p	¸Cv���¨¦¨nKcup®rt����¨z}p®_Zrt_ac�psr����az¦¨¦z»rsn���§Crt_ac�cu|Gwaz¦¨¦z�aytz¦wab��O��z¦vGr

(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)
µ

��y{��bk¼Ò� <uÁ&��vC�;¼4����Á.º
(v̄, ȳ, θ̃) = (0, 0, 0)

z¦p��dp®rt���a¨c�cE|�w�z¨¦z��y{z¦wabÉ��§�rt_ac�� ��v�rty{��¨¨¦cu��p®nqp®r{cub%ºa��v��
§©yt��b ¼Ò����ÁV��v���¼Ò����Á´º

Z = 0
z}p���vò��p®nobd�qrt��r{z}�.��¨¨¦n°p®rt���a¨¦cTcu|Gwaz¦¨z¦�aytzw�b �O��z¦vGr���§�rt_acÇp{nop®r{cub

Ż = F (Z)
µ/lqzv��.c�r{_ac�§©w�v��´rtz��v

G
z¦v�¼Ò����Á&z}p�� ��vGr{z¦vGw���w�p&��vC��z}�qcuv�rtz¦�u��¨¦¨n�³.cuy{�Zª�_ac.v

ȳ = 0
ºq��vac

�acu�qw��.cup�rt_��¢r
(v̄, ȳ, θ̃, Z) = (0, 0, 0, 0)

z¦p���¨¦p{�½�Hpsr����a¨¦c¶cu|Gwaz¦¨z¦�aytzw�bk��§¥r{_�cV� ��vGrty{��¨¨¦cu��p®nqp®r{cub%µ
^&_�z¦p��qz¦ytcu�´rt¨n�zbd�a¨¦z¦cup¥r{_�c�psr����az¦¨zrsnV��§*rt_ac�cu|Gwaz¦¨z¦�aytzw�b

(z, ż, x̃, ṽ, θ̃) = (z∗, 0, 0, 0, 0)
µ

� 	 � � ��� ������� � ��� � � 	 ��������� �

^&_�cK�O��p{z»rtz¬ozrsn%��§Yr{_acKr{_aytw�p®riz¦va�awqr
u

z¦pgcu��p{z¦¨n½¬�cuy{z¸�cE�%§©y{��bÉrt_acZ�ac ¸�vazr{z¦��vÇ��§
u

��z¦¬�c.vHz¦v²¼4����Á
��v��Hrt_acd��ptp®wabd�qrtz��v�pA��v

σ
º���z¦¬�cuvTzv;~Myt���O��p{z»rtz��v��oµ � ��v�p{z¦�qcuy�va�¢ª�r{_ac¶�u��v��qz}�a��r{cdÀ�n����awava�¢¬

§©w�v��´rtz��v%��z¬�c.v%�on;¼Ò� <uÁ.µMfgp{zva�T¼4����Á&��v��½À�cubZb¶�¶�%¼ p{c.c��g�a�Ccuv��qz¹%�Kµ �GÁ´ºa��vac���c r�p

V̇ = v̄T (−ue3 + γ̄) +
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)]

= v̄3 (−u + |γ|) − v̄3 (|γ| − γ̄3)

+
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)

+ |γ|k2

(

v̄1

v̄2

)]

= v̄3 (−u + |γ|)

+
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)

+ |γ|k2

(

v̄1

v̄2

)

− |γ|k2v̄3

|γ| + γ̄3

(

γ̄1

γ̄2

)]

¼4�*=�Á
lqwa��p®r{zr{wqrtzva�drt_ac�� ��vGr{yt��¨Îc ¹q�aytcuptp®z¦��v�¼Ò����Á¥z¦v�rt�H¼Ò�*=�Á´ºa��vac����qr���z¦v�p

V̇ = −|γ|k1σ(v̄3)v̄3 −
k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

¼4����Á

��y{��b r{_�z¦p�cE|Gw���¨¦z»rsn�ºor{_ac���y{�o��§���§*r{_az}p��ayt���O��p{z»rtz��v��ayt�q� cucu�ap&¨¦z«�cAr{_ac��ayt�o��§���§	~My{���C�Gp®zr{z¦��v%�aµ
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^&_�c�wavaz§©��ytb wa¨r{z¦bd��r{c��O��w�v��qcu�avacuptp&��§
ẋ

y{cEp®w�¨»r�p&§©y{��bk¼Ò����Á&��vC�%�ip{p{wabd�qrtz��v½�Z�on��u��¨}� wa¨}�¢rtzv��
rt_ac�r{z¦bdc ·Ä�qc.ytz¦¬È��r{z¦¬�c���§

V = 1
2 |ẋ|2

��vC�%p{_a�¢ª�z¦va�Zr{_���r�z»r�z}p�vacu����r{z¦¬�cAª�_ac.v |ẋ| c.¹a� c.cE�ap��¶� cuy®r���z¦v
rt_aytcup{_a��¨}��µYhH��ytc��aytcu� z}p{c.¨¦n�ºo��vac�_C��p

V̇ = ẋT (−uRe3 + γe(ẋ, t))

fip®z¦va�¶�gptp{wabd�qr{z¦��vH�d��v���r{_�c�zvacE|Gw���¨¦z»rsnÓ¼Ò����Á´º���vac����art��z¦v�p

V̇ ≤ |ẋ||u| + c3

m
|ẋ| − c4

m
|ẋ|3

≤ |ẋ|
(

β1 + (β2 +
c3

m
)|ẋ| − c4

m
|ẋ|2
)

p{�Zr{_���r
ẋ

z¦p&w�µ w�µ ��µY�on

−1

2

(

β2 +
c3

m

)

+
1

2

√

(

β2 +
c3

m

)2

+
4β1c4

m
ÃÄv�¬ozcuªò��§*�ip{p{wabd�qrtz��v <�ºort_acAwavaz§©��ytb wa¨»rtzb¶��r{c��C��wav��qcE�qvacEp{p¥��§

γe
§©��¨¦¨�¢ª�puµ	lqzv��.c

ẋ
z}p¥w�µ w�µ ��µ¦º

rt_ac�rt_ay{wCpsrgz¦va�awar
u

z}pg��¨¦p{�¶w�µ w�µ ��µµ�^&_acuv�º���vacK�qcE�qw��.cup&§©yt��bû¼©�o��Á&rt_��¢r
ẍ

z}p�w�µ w�µ ��µ¦µ � ��b��azv�zva�
ª�zr{_H�ip{p{wabd�qr{z¦��v.<�ºar{_az}p�z¦bZ��¨z¦cup¥rt_��¢r

γ̇e
z¦p���¨¦p{��w�µ w�µ ��µ¦µ

� 	�� � ��� ������� �
	
� � � �� �
^&_�ci§©��¨¨¦�¢ª�z¦va�Zr{cu��_�vaz¦�u��¨�¨¦c.bdb¶�Zz¦p�wCp®cE��z¦v%r{_ac��ayt�o��§���§Y^&_ac.��y{cub <

� Ë � �Å¡  � �'�
γe,d

(F� !*� �;�%�,! � � ¼Ò����Á
�
� 

M ≥ c̄1 + c̄2(κ(c̄i, v̄r))
2 ��������� ∀(ẋ, t)

�

ṽTRT (γe,d(ẋ, t) − pt�¢r
M (γe,d(ẋ, t))) ≤ 0

¼Ò�&E�Á
�   Ð�Ð � ^*ª/�¶�u��p{cup���ytc�� ��vCp®z}�qc.ytcu� 9

z¾Á�Ã[§ |γe,d(ẋ, t)| < M
ºÈ~Myt���Oc.y{rsn � � ��§Grt_ac/pt�¢rtway��¢r{z¦��vA§©wavC�´r{z¦��v p{��r

M
zbd�a¨¦z¦cup�r{_���r

γe,d(ẋ, t) =pt�¢r
M (γe,d(ẋ, t))

ºC��v���r{_ac�ytcup{wa¨r�§©��¨¦¨�¢ª�puµ
z¦z}ÁMÃ[§ |γe,d(ẋ, t)| ≥ M

º�zr)§©��¨¨¦�¢ª�p	§©yt��b ¼Ò����ÁY��v��Zr{_�ci��_a��z¦�.c���§�h r{_���r |ẋ| > κ(c̄i, v̄r)
µ	^&_�c.v�º

wCp®z¦va�d~Myt���Oc.y{rsn � � ��§*rt_ac�p{��r{way��¢rtz��v�§©w�v��´rtz��v pt�¢r
M

º*¼ ����Á´ºqrt_ac�ytc.¨}�¢r{z¦��vCp
φ(γe,d(ẋ, t)) ≤ 1

��v��
Rṽ = ẋ − ẋr

ºq��vac���c.rtp

ṽTRT (γe,d(ẋ, t) − pt�¢r
M (γe,d(ẋ, t))) = (1 − φ(γe,d(ẋ, t)))(ẋ − ẋr)

T γe,d(ẋ, t)

≤ (1 − φ(γe,d(ẋ, t)))(ẋγe,d(ẋ, t) + v̄r|γe,d(ẋ, t)|)
≤ −(1− φ(γe,d(ẋ, t)))(c̄4|ẋ|3 − c̄2v̄r|ẋ|2 − c̄3|ẋ| − c̄1v̄r)

��y{��b r{_�c��qc ¸�v�z»rtz��v%��§�rt_ac�§©wav�� r{z¦��v
κ
ºar{_ac�z¦vacu|Gw���¨zrsn |ẋ| > κ(c̄i, v̄r)

z¦bd�a¨z¦cup

c̄4|ẋ|3 − c̄2v̄r|ẋ|2 − c̄3|ẋ| − c̄1v̄r ≥ 0
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^&_ow�puºqz¦vacu|Gw���¨zrsn;¼4��E�Á/§©��¨¨¦�¢ª�puµ
��y{��b ¼Ò����ÁY��v��½¼ � <EÁ´º�ytc.¨}�¢rtz��vH¼Ò����Á�_a��¨}�ap	rty{wac&§©��y)p{��bdc&�C�Gp®zr{z¦¬�c��.��v�p®rt��v�r�p

β1, β2
µ�~)y{���Ccuy®rsn

�Ç��§�^&_ac.��y{cub <�¼¾r{����c.r{_acuyZª�zr{_°r{_�cT� ��bd�a¨¦c rtc.vacEp{pZ��§gr{_�c½p{nqpsrtc.b � pZp{��¨¦wqrtz��v�ptÁKrt_ac.v¯�qz¦y{cE�´r{¨¦n
§©��¨¨¦�¢ª�p��on;���a�a¨¦z¦�u�¢rtz��v���§�~Myt���O��p{z»rtz��vÓ�aµÇlozvC� c��ip{p{wabd�qr{z¦��v <�_a��¨}�apuº*~Myt���O��p{zr{z¦��v��Hz¦bZ��¨z¦cup
��¨¦p{�ir{_���r

γe
º
γ̇e

º
ẍ

��ytc¥�O��w�v��qcu��µ	loz¦v��.c
γ̇d(t)

z}p	�O��wav��acu��º���vac��qcE�qw�� cEp	§©yt��bÉ¼Ò����Á*rt_��¢r
γ̇e,d(ẋ, t)ytc.b¶��zv�p��C��wav��qcE��µ � ��bK��zvaz¦va�Hª�zr{_²�ip{p{wabd�qrtz��v���º&¼Ò��EGÁ´º	��v��Ó~)y{���Ccuy®rsn � � ��§¥rt_ac¶§©wavC�´r{z¦��v

pt�¢r
M

º�r{_az}p�z¦bd�a¨z¦cup�r{_���r
γ̇(ẋ, t)

z¦pg��¨}p®�d�O��wav��acu��µ&�gpi�¶� ��vCp®cE|�w�c.v��.c�ºqzr�§©��¨¦¨�¢ª�p�§©y{��b ¼4����Á¥rt_��¢r
u

��v��
ω1,2

��ytciª¥c.¨¦¨·[�qc.¸�vacE����vC�V�O��wav��acu����¨��va�Zcu����_�p®nqp®r{c.b � p&p®��¨wqrtz��v�µY^&_az}p.ºa��¨��va�Kª�zr{_�r{_ac
�O��w�v��qcu�avacuptp&��§

ω3
ºa��¨¦¨�¢ª�p¥rt�d�acu�qw��.c�~Myt���Oc.y{rsn <���§�rt_az}p&r{_acu��ytc.b½µ

À�c r�w�p�v��¢ªòcup®rt���a¨z}p{_%~)y{���Ccuy®rsnV��µ� ;c�_��È¬�cgrt_��¢rK¼Ò� ��bZ�C��ytciª�zr{_Å¼�E���ÁtÁ

˙̃v = −S(ω)ṽ − ue3 + RT γ(ẋ, t) + RT (γe,d(ẋ, t) − p{��r
M (γe,d(ẋ, t)))

¼ ����Á
^&_�c.ytc §©��ytc�ºort_ac�r{z¦bdc ·Ä�qc.ytz¦¬È��r{z¦¬�c���§�r{_�c��.��vC�qz¦���¢r{c�À�n����awava�¢¬d§©wavC�´r{z¦��v

V
�qc.¸�vacE�½�GnÓ¼ <È��Á&��¨¦��v��

rt_ac�p{nop®r{cub � p�p{��¨¦wqr{z¦��vCp&z¦p&��z¬�c.v%�Gn

V̇ =ṽ3 (−u + γ̄3) + ṽTRT (γe,d −
p{��r

M (γe,d))

+
1

|γ|k2

(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)

+ |γ|k2

(

ṽ1

ṽ2

)]

��c.�a¨}���.zva�
u, ω1, ω2

�on¶r{_acuzy�c.¹q�ay{cEp{p{z¦��v�p¥z¦vÓ¼4����Á.ºq��v�cA���qrt��zvCp

V̇ = −|γ|k1ṽ
2
3 − µτ (|γ| + γ̄3)

k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2 + ṽTRT (γe,d −

pt�¢r
M (γe,d))

+
(1− µτ (|γ|))

|γ|3k2
(−γ̄1γ

TS(Re2)γ̇ + γ̄2γ
TS(Re1)γ̇)

¼Ò� <EÁ

Ã[r�§©��¨¨¦�¢ª�p/§©y{��bk¼ �G��Á&��v����ip{p{wabd�qrtz��v%�Zrt_��¢r
p{��r

M (γe,d(ẋr(t), t)) = γe,d(ẋr(t), t)

ª�_�c.v
M ≥ c̄1 + c̄2v̄

2
r

µ fgp{zva�¯�gptp{wabd�qr{z¦��v��oº���vacÓ�qcE�qw�� cEp�r{_���r½ª�_�c.v
M > c̄1 + c̄2v̄

2
r

º
pt�¢r

M (γe,d(ẋ, t)) = γe,d(ẋ, t)
§©��y

ẋ
z¦v²�Hvacuz��_G�O��yt_a�o�q����§

ẋr
µÇ��way®rt_ac.ytbd��ytc�ºYp{zv��.c

τ ∈ (0, δ)�onH��ptp{wabd�qr{z¦��vT��vac��acu�qw��.cupg§©y{��b ¼Ò�¢�oÁ�rt_��¢r
µτ (|γ|) = 1

z¦vÇ�Vvacuz��_o�C��y{_a�o�q�H��§
ẋr

µ �)|Gw��¢rtz��v
¼Ò� <uÁ¥�Ocu�.��bdcup

V̇ = −|γ|k1ṽ
2
3 − µτ (|γ| + γ̄3)

k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

��v��%r{_�c��ayt�G��§���§Y¨�q�.��¨���p{nobd�qr{��r{z}��psr����az¦¨¦z»rsn��ay{�q�.c.cu��p�¨z¦«�c�r{_ac���y{�o��§	��§Y~Myt���O��p{zr{z¦��vT�qµ�À�c.rgw�p
v��¢ª�� ��v�p®z}�qcuygrt_ac¶�.��p{cKª�_�c.v

M ≥ c̄1 + c̄2(κ(c̄i, v̄r))
2 ��v�� |γ(ẋ, t)| ≥ τ, ∀(ẋ, t)

µZ^&_az}pi¨}�¢r{r{cuy
�.��v��az»rtz��v�z¦bd�a¨z¦cup�r{_���r

µτ (|γ|) = 1, ∀(ẋ, t)
µ)^&_�c.ytc §©��ytc�ºocE|�wC�¢r{z¦��vÓ¼Ò� <EÁ¥�CcE� ��bdcEp

V̇ = −|γ|k1ṽ
2
3 − µτ (|γ| + γ̄3)

k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2 + ṽTRT (γe,d −

p{��r
M (γe,d))
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���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� �*E

��y{��bÉÀ�cubdbd� <���vC��¼Ò� <uÁ ºa��v�c��acu�qw��.cup&rt_��¢r

V̇ ≤ −|γ|k1ṽ
2
3 − µτ (|γ| + γ̄3)

k3

k2

γ̄2
1 + γ̄2

2

(|γ| + γ̄3)
2

��y{��b _acuy{c�ºor{_ac��ayt�o��§��ay{�q�.c.cu��p&¨z¦«�cAr{_�c��ay{�o��§*��§�~Myt���O��p{z»rtz��v½�oµ

� 	�� � ��  � � ����� � ��� ���
� Ë � �Å¡ �

d

dt

(

γ̄

|γ|

)

=
1

|γ|S (γ̄)

(

ω − 1

|γ|2 RTS(γ)γ̇

)

d

dt

(

1 − γ̄3

|γ|

)

=
1

|γ|
(

γ̄1 γ̄2

)

[(

−ω2

ω1

)

+
1

|γ|2
(

−γTS(Re2)γ̇
γTS(Re1)γ̇

)]

�   Ð�Ð � eg��r{c�rt_��¢r γ̄
|γ| = RT γ

|γ|
µ  gz �Îc.ytc.vGr{z}�¢rtzva�Zrt_az¦p�cu|Gw��¢rtz��v�ºq��v�cA��c r�p

d

dt

(

γ̄

|γ|

)

= −S(ω)RT γ

|γ| + RT d

dt

(

γ

|γ|

)

= −S(ω)
γ̄

|γ| + RT d

dt

(

γ

|γ|

)

=
1

|γ|S(γ̄)ω + RT d

dt

(

γ

|γ|

)

¼Ò����Á

hT��ytc.�¢¬�cuyuºG��v�cA_C��p

d

dt

(

γ

|γ|

)

=
(|γ|2I3 − γγT )γ̇

|γ|3 = −S(γ)2γ̇

|γ|3
^&_ow�puº

RT d

dt

(

γ

|γ|

)

= − 1

|γ|3 RTS(γ)2γ̇ = − 1

|γ|3 S(γ̄)RTS(γ)γ̇
¼ ����Á

^&_�c�¸�ytp®r�y{cEp®w�¨»r���§	À�c.bdb¶�d�Zz}p&���art��z¦vacE���onVwCp®z¦va�Ç¼Ò����Á&z¦v�¼ �G��Á´µ)^&_�c�y{cEp®wa¨r�z¦p�zv%r{w�y{v½w�p{cu��r{�
���qrt��zv

d

dt

(

1 − γ̄3

|γ|

)

= − 1

|γ|e
T
3 S(γ̄)

(

ω − 1

|γ|2 RTS(γ)γ̇

)

= − 1

|γ|
(

−γ̄2 γ̄1 0
)

(

ω − 1

|γ|2 S(γ̄)RT γ̇

)

=
1

|γ|
(

γ̄1 γ̄2

)

(−ω2

ω1

)

+
1

|γ|3
(

γ̄1 γ̄2

)

(−γTS(Re2)γ̇

γTS(Re1)γ̇

)

eg��rtcirt_��¢r�rt_ac�¬¢��ytz¦��r{z¦��v%��§
1 + γ̄3

|γ|
z}p&z¦v��qc.�Oc.vC�qc.vGr���§�r{_�c�n��Èª ��va��wa¨}��y&¬�c.¨¦�o�.z»rsn

ω3
µ
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�G� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

� 	�� � � ��� � ������� 	 � ��  ��� 	 � � ��	 � 	
	�� ����

� Ë � �Å¡ � ��� (�� ��(�
2(�� � � ���
x(t)

!&�'�%���6� ( �'��
 �5��01��� �6� ����� !�0 � �������/��01(�
$������(���01���
ẋ = a(t) + b(t)� 0�� �

a(t)
(��5��0 ���� � 
�� ),������0����������A,�5��)���01���

�
� ������� � � � (��

lim
t→+∞

x(t) = c
(��%!

lim
t→+∞

b(t) = 0
�

� 0�� �
c

(�),�����,�+(��/����(�
 ���
�

��� �'� �
lim

t→+∞
ẋ(t) = 0 �

eg��rtcirt_��¢r�rt_ac��.��p®c
b = 0

� ��y{ytcup{�O��v��ap/rt��rt_ac�� ¨}��ptp{z¦�u��¨Î¬�cuytp{z��v���§	�&��yt����¨¦��r�� p/¨¦c.bdb¶�aµ

� 	 ��� � ����� � �!� ���
�
�2ª&�Èn�rt�Z�ac r{cuy{bdz¦vacAr{_ac�� ��vGr{yt��¨O����z¦v�p¥� ��v�p®z}p®rtp¥zv%� ��v�p®z}�qcuy{z¦va��rt_acA¨z¦vacu��y{z¦³u��r{z¦��vV��§�lonqp®r{c.b ¼1E�Á
�.��bd�a¨¦c.bdc.vGrtcu�Óª�zr{_ ¼�<F=¢Á���r�r{_�c�cu|Gwaz¦¨¦z�aytz¦wab ¼

z = 0, ż = 0, x̃ = 0
º
ṽ = 0

º
R = I3

º
u = g

º
ω = 0

Ág§©��yirt_ac¶����y®rtz¦�.wa¨¦��yA�u��p{c�ª�_�c.ytcKrt_acdy{c.§©c.ytc.v��.cKrtyt���scu�´rt��ytn½z¦p���¸a¹qcu�Ç�C��zvGrEº
Fe = mge3

º
��v��½rt_ac��qcEp®z¦ytcu�½n��Èª���va��wa¨}��yi¬�cu¨�q� zrsn%z¦picu|Gw���¨�r{��³.cuy{�Cµ�ÃÄvHr{_�z¦pA���a�Oc.vC�qz»¹�ºOr{_�c��G��z¦v½r{wavaz¦va��z¦p
�Oc.y{§©��ytbdcu�;§©��y�r{_acV�O��p{zr{z¦��vÅ� ��vGr{yt��¨¦¨cuy���§&~My{���C�Gp®zr{z¦��vÅ�aº���v���r{_ac�p{��bZcdrtcu��_av�z¦|Gwac����a�a¨¦zcEp�r{�
rt_ac���rt_ac.y��.��vGr{yt��¨¦¨¦c.y�p.µ

egcu��y&rt_ac��qcEp®z¦y{cE��cE|Gwaz¨¦z¦�ay{z¦wab½º
γ

��p&��z¦¬�c.v%�on;¼4�5<uÁ&�u��v%�Cc����a�ayt�È¹oz¦b¶�¢rtcu�V�on

γ ≈ ge3 + (h(0) + kzhz(0))x̃ + h(0)z − 2kz ż

lqc r®rtzv��
w := ż

��v���w�p®z¦va�drt_ac�§ ��� r¥rt_��¢r ∂σ(s)
∂s |s=0 = 1

ºq��v�c��qcu�qwC� cup¥§©yt��b ¼Ò����Á/r{_���r


















u ≈ g + (h(0) + kzhz(0))x̃3 + gk1ṽ3 + h(0)z3 + (gk1 − 2kz)w3

ω1 ≈ −k3
4g (h(0) + kzhz(0))x̃2 − gk2ṽ2 − k3h(0)

4g z2 − (gk2 − k3kz

2g )w2 − k3
4 (eT2 RT e3)

ω2 ≈ k3
4g (h(0) + kzhz(0))x̃1 + gk2ṽ1 + k3h(0)

4g z1 + (gk2 − k3kz

2g )w1 + k3
4 (eT1 RT e3)

ω3 ≈ 0

 ic ¸Cvac
θ1 := eT1 RT e3

º/��v��
θ2 := eT2 RT e3

µÓÃ[r¶� ��bZcEp�§©yt��b
ṘT = −S(ω)RT º

ω3 ≈ 0
ºM��v��

R ≈ I3
r{_���r

θ̇1 ≈ −ω2, θ̇2 ≈ ω1

fip®z¦va�Kr{_ac����O�¢¬�cA���a�ayt�È¹qzb¶��r{z¦��v�puº���vacg���qrt��zv�p)r{_�cg§©��¨¨¦�¢ª�zv��K¨¦zvacE��y&p®nqp®r{cub ª�_�z¦��_�z¦p/r{_�ci¨¦zv�cu��y
���a�ayt�È¹qzb¶�¢rtz��vV��§�r{_�c�� ��vGrty{��¨¨¦cu��c.yty{��y&p{nqpsrtc.bk¼�E�Á&�.��bd�a¨¦c.bdc.vGr{cE��ª�zr{_�¼�<F=¢Á



































ż = w
ẇ = −2kzw + kzhz(0)x̃
˙̃x = ṽ
˙̃v = (gθ1, gθ2,−(h(0) + kzhz(0))x̃3 − gk1ṽ3 − h(0)z3 − (gk1 − 2kz)w3)

T

θ̇1 = −k3
4g (h(0) + kzhz(0))x̃1 − gk2ṽ1 − k3h(0)

4g z1 − (gk2 − k3kz

2g )w1 − k3
4 θ1

θ̇2 = −k3
4g (h(0) + kzhz(0))x̃2 − gk2ṽ2 − k3h(0)

4g z2 − (gk2 − k3kz

2g ))w2 − k3
4 θ2

ë©ì�í�ë¾î

in
ria

-0
02

58
09

2,
 v

er
si

on
 2

 - 
28

 F
eb

 2
00

8



���������	��
���������������������	������
�
 ��!#"$�%!&�'�	(*)�����(��+�,!.-/�,��01)'
2��� �/<

^&_�cA��y{cE� cu�azva�¶p{nqpsrtc.bÉ�u��v½�Cc��acu� ��bd�C�Gp®cE�Vz¦v�rt�dr{_aytc.c�z¦v��qcu�Ccuv��qc.vGrgp{wa��p{nqpsrtc.b¶p

(Σ3) :















ż3 = w3

ẇ3 = −2kzw3 + kzhz(0)x̃3

˙̃x3 = ṽ3

˙̃v3 = −(h(0) + kzhz(0))x̃3 − gk1ṽ3 − h(0)z3 − (gk1 − 2kz)w3

(Σi) :























żi = wi
ẇi = −2kzwi + kzhz(0)x̃i
˙̃xi = ṽi
˙̃vi = gθi
θ̇i = −k3

4g (h(0) + kzhz(0))x̃i − gk2ṽi − k3h(0)
4g zi − (gk2 − k3kz

2g )wi − k3
4 θi

(i = 1, 2)

ª�_���p{c���_C��y����´rtc.ytz¦p®r{z}���O��¨¦nova��bdz}��¨}p���ytci��z¬�c.v%�on

P3(λ) = λ4 + (2kz + gk1)λ
3 + (h(0) + 2gkzk1 + kzhz(0))λ2

+ (2kzh(0) + gkzhz(0)k1)λ + kzhz(0)h(0)

Pi(λ) = λ5 +

(

2kz +
k3

4

)

λ4 +

(

g2k2 +
kzk3

2

)

λ3 +

(

2g2kzk2 +
h(0)k3

4
+

kzhz(0)k3

4

)

λ2

+

(

g2kzhz(0)k2 +
kzh(0)k3

2

)

λ +
kzhz(0)h(0)k3

4
�gbd��va�db¶��vonV�O��ptp®z¦�az¦¨zr{z¦cupuºq��v�c��.��v�ºo§©��y�z¦v�psr���v��.c�ºq�ayt�q� cucu�%��p¥§©��¨¦¨¦�¢ª�p.µY^���«�c

h(0) = 2gk1kz − 4k2
z , k2 =

k1k3

4g
, kz <

gk1

2

¼Ò���GÁ

^&_�c.v�º

P3(λ) = (λ + 2kz)

(

λ3 + gk1λ
2 + (2gk1kz − 4k2

z + kzhz(0))λ +
1

2
hz(0)(2gk1kz − 4k2

z)

)

Pi(λ) = (λ + 2kz)

(

λ4 +
k3

4

(

λ3 + gk1λ
2 + (2gk1kz − 4k2

z + kzhz(0))λ +
1

2
hz(0)(2gk1kz − 4k2

z)

))

�¥n;rt��«Gz¦va�
2kz < gk1

ºY��vac����qr���z¦v�p��on����a��¨z}�.��r{z¦��v���§&rt_ac%����wqrt_q·6Bgwaytª�z»rt³�� ytz»rtc.ytz��vÓr{_���rZ��¨¨
yt�o��r�p���§

P3(λ)
_��È¬�c�vac.�G�¢rtz¬�c�y{cE��¨*����y{rtpuµg^&_acd� ��bZ��¨cubZcuvGrt��ytn��O��ptp{z�az¦¨¦z»rsn½��§M_C�È¬Gz¦va����¨¨�yt�G��rtp

��§
P3(λ)

ytcu��¨Îvac.�G�¢r{z¦¬�c���v���cE|Gw���¨�¨¦cu���ap¥r{�¶��_a�o��p{c
k1, kz, hz(0)

��p¥§©��¨¦¨�¢ª�p

k1 =
3λ0

g
, kz = λ0, hz(0) = λ0

¼Ò����Á

ª�zr{_
λ0

�qcuva��rtzva�T��v���y{��z»rtyt��y{nH�O��p{z»rtz¬�c¶vowabK�Oc.yEµVe���r{cdr{_C�¢r
h(0) = 2λ2

0

��v��
k2 = 3λ0k3

4g2
z¦v

rt_az}p��.��p®c�µM�iv�cA���qrt��zvCp

P3(λ) = (λ + λ0)
4

Pi(λ) = (λ + λ0)

(

λ4 +
k3

4
(λ + λ0)

3

)
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�o� � 0����5��� ��)�� "���� ��(��	�	�
� (�� ��
� � (F�'),(�
 ��������� �;(���! �A
2(���!&�
��� � � ���

^&_�c.v�º�zrMp®waÆ¶�.cup�rt����_��G�Gp®c
k3

p{w���_�r{_���r
k3 � 4λ0

z¦vZ��y��qc.y�r{�A��c.r	r{_ac&yt�G��rtp���§
Pi(λ)

vacu��y�r{_a�Gp®c
��§

P̄i(λ) := (λ + λ0)
3
(

λ + k3
4

) µM^&_�cA�G��z¦v�p
k1

º
k2

º
kz

º
hz(0)

º
h(0)

w�p{cu��§©��y&rt_ac�p®z¦bKw�¨¦��r{z¦��v�p¥��§
lqcu�´rtz��v½��_��È¬�c��Ccuc.vH�.��¨¦�.wa¨¦��r{cE��ª�zr{_

λ0 = 0.8
��v��

k3 = 12.8
µ

� 	 � � � � ����� ��� � � � � �
� � �  �� � � � � ��	 ����� ��� ��� ����	

Ã[rYz}pY��ptp®w�bZcE��rt_��¢r	rt_ac�y{cEp®w�¨»r���vGr*§©��yt�.c −→
F ae

��§Î��cuy{�q�qnov���bZz}�Y§©��yt�.cupY���a�a¨¦zcEp���rM�i�O��z¦vGr
P

�qc.¸�vacE�
�on −−→

GP = 0.05
−→
k
µ  gc.¸�vac −→v e := −→v P −−→v f

ª�_a�Gp®c�¬�cu�´rt��yY��§Î�.�G��yt�azv���r{cEp	c ¹q�aytcuptp®cE�Kz¦vdr{_acg����p{z¦p
rt_ac��O�o�an�·4¸a¹qcu��§©y���bdc B z¦p

ve = vP − vf = (v + 0.05[ω1, ω2, 0]T ) − RT ẋf

À�c r −→
F a

�qc.v���r{cTr{_ac�p®wab ��§�¨¦z»§¾r½��v��¯�qy����Ó§©��yt�.cupuº −→
Dm

r{_ac;bZ��bdc.vGr{wab �qy����Cº&��v�� −→
F ae :=−→

F a +
−→
Dm

rt_acKytcup{wa¨rt��vGr�§©��yt�.c�µ  �zr{_
Fa

��v��
Dm

�qc.va��r{z¦va�Vrt_acK¬�cu� r{��yi��§M� �o��yt�qz¦v���r{cupg��§ −→
F a��v�� −→

Dm
c.¹q�ay{cEp{p{cu��z¦v�rt_ac�����p®z}p&��§�r{_ac�¬�c._az}� ¨¦cup�� p¥§©yt��bZc B ºa��v��

Fae
r{_ac�¬�cu�´rt��y���§�� �o��yt�qz¦v���r{cup

��§ −→
F ae

c ¹q�aytcuptp®cE�Vz¦v%r{_ac�����p®z}p&��§*r{_ac�z¦vacuy®rtz¦��¨Î§©yt��bZc I º���vac�_���p

Fae = R(Fa + Dm)

����y&rt_ac�p®z¦bKw�¨¦��r{z¦��v�p¥ª¥c�_��È¬�cAw�p{cu�

Fa,i = −ke1

√

v2
e,1 + v2

e,2ve,i − ke2|ve|ve,i, i = 1, 2

Fa,3 = −ke3(v
2
e,1 + v2

e,2) − ke4|ve,3|ve,3
ª�zr{_

ke1 = 0.13, ke2 = 0.03, ke3 = 0.03, ke4 = 0.005
7i��v��

Dm = −0.28
√

|T |ve
ª�z»rt_

Trt_ac�rt_aytw�psri§©��y�� c � p�z¦vGr{cuv�p®zrsn�µA^&_ac�rt��y�|�w�c�zvC�qw�� cE�H�on%r{_ac�c ¹or{cuy{v���¨�§©��yt�.cup�_���p��Oc.cuv;�.��¨¦�.wa¨}�¢r{cE�
���.�.��y��qzv��Krt�

Mae = −0.05S(e3)R
TFae
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